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/This book startéd«eﬁ a§"homework sheets to encourage my students to do work at home straight after the lesson we had just
| done. It ended up turnlng into this, a book,\ one intended to help guide you through the A Level Maths course with questions of
all difficulties.
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The questions aren’t C/D or A/A* questlonS“és such, just the type of skill level who is working at that grade.
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- The questions hav‘gequlved as the exams,chayé appeared on the ‘new spec’ rather than being ill fitting old questions from

ﬁrﬁwous |te§atrbns of th@ course. A
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| have been a qualified maths teacher teacfhmg A Level and Further A Level Maths for 15 years and hope this book makes me
5l millions SO | can retireto a flshing village m Scotland with my family and dogs. | also hope this book helps you or a loved one

becom just a little more confldem g
= }‘m“\‘vwz
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Thanks to my partner for helping me to live the life I want to.

Thanks to my students who have (hopefully) proofread my questions and answers. That said, some minor errors may have
slipped through!

Thank you to the Whippets and 1z for forcing me to get out every day and not being a socially awkward hermit.

Thanks to the students of Spalding Grammar School for their corrections, edits and the like!
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I can’t write a book without showcasing my brother’s artwork. He works out of his studio and gallery (The Point in
Cromer). His work is beautiful and can be found at www. richardkbladesartist.co.uk
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(1) Proof by Contradiction; &

WORKING AT D/E /ﬁ”““a;j

- ,u:i.-k_j
Wo"\”/ﬁ by contradlctlon that@tﬁ‘é Tives wﬂﬁ\,‘,{\

X

equaﬁlﬁns y=x*+10x%and y Jer — 15 for ol
X€R have no points of intersection. { i;

(2) Prove, by contradiction, that there is no largest
multiple of 17.

WORKING AT B/C

(1) Prove, by contraction, that there is no largest
integer.

(2) Prove by contradiction, that if n3 is odd then n is
oddforne z*

(3) Prove by contradiction, that if n? is odd then n is
oddforne Z+

(4) Prove by contradiction that v/2 is irrational
number.

WORKING AT A*/A

(1) Prove, by contradiction that if a and b are such
thata,b € Z*, then a® — 4b # 2

(2) Prove, by contradiction, that n and n + 1, for
n € Z*,n > 1 have no common prime factors

(3) Prove, by contradiction, that there are infinitely
many prime numbers.
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(2) Algebralc Fractions
(Smwmgmmﬁ> (/A

WORKING AT D/E "“*:}3”’"‘ \ 4

~2"‘v
@ F§nd each of the following as a §|ngle S|mpI|f|ey
frag{gon L

;}’x “1\1‘9’;“;&(
3y(x+1:17’ (x-1)

\
2 3@—10 (x-5)
P =

TV AE(x+2) T (x-4)

(b),

(x+3)(x—2) x3
X —=
x2-3x (xF2)

(f)

(2) Find each of the following as a single, simplified
fraction:

2 1 4 3
@t e O es*em
©2——

xZ  (x+3)

) ——— — — () —— + —2—

x2-x-6 (x-3) x=7)  (x+1)

OFss=

(3) Cyril wants to simplify the fraction %.
Advise him on what he can do.

;»#
4
e

WORKING AT B/C

(1) Find each of the following as a single, simplified
fraction:

x%24x  25x%2-36
@ =/ X—

x%-1 y2-10y
6x+6 5x+6 ( ) X

x2+x—2 y

x3—x?2 y2-1 6x24+5x—6 _ 4Xx+6
( )3y2—2y—1 14—14x (d) -

9x—6 9

2—x 49x2%-1
€)——=

) 2x%*=2x3 | 4x3
14x+2 x%2-2x

x2-2x-8 = (xF2)

(2) Find each of the following as a single, simplified
fraction:

(a) 1 + 1

x2-3x-10  x2+x-30

(d) = -2

(x+ 1) x

©%+%

(3) Show that 2 + —— — 2 = GX=3(+3)
x—1 -

x2-1 x2-1

WORKING AT A*/A

-1

@ Slmpllfy

2+1 '

5x3-5x2
x2-3x 6x2+4x—2

2 Slmpllfy

(3) (@) Write =2 + % + S as a fully simplified
single fraction.

(b) Doris is asked to solve the equation

-2+ % + S = (0 where a and b are real numbers.

What statement can Doris make about a and b? You
must justify your answer.
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A LEVEL MATHS (1) Show, using partial fractions that

5x+21 . . .
(1) Express m in partial fractions.
—2x3 —x?2—-2x+7
x*—1
1 5
+ —
x2+1  2(x-1) 2(x+1)

can be written as —

X—2
(x+1)(x-3) (x-F'@

S—
(1)%@% that

wheré A and B are integers to be fotnd.

—

L o
2 Express éa‘efh‘of the i@ﬂév\f ng in partial fractions

6x+18
(x+4)(x—2)

(a)

x+15
(x—6)(x+1)

(b)

3x—35

(©)

x(x—=7)

(3) (a) Factorise x2 — 2x — 24 13x—4 __4 B
(3) Show that 15(x2+x-2)  (x+2) + (x—1)
(b) Hence, express __x in partial fractions where A and B are rational fractions to be found.
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% -16x2+19x+1 2_4x+15
£ I e i s (A ) (1) Express —————. You must show full (1) Express x; 3x2

(x—1)(2x—1)2 in partial fractions

(4) PartlalrfFractlons with [ workings.
Repeate(glaﬁagtors | /fh%f
EWORKING AT D/ Qe

Sy-,‘_?/ 5 f

p— \
* o

o4 .
@ §h0w that can be Writien in the form ,‘?

3x+2
x2(x+1)

(2) (a) Factorise x3 — 3x2

) in partial fractions
—2x%—-11x+15 . x—1)3
(b) Hence, show that ————————— can be written

x3-3x2

(2) Using partial fractions find the values of 4, B

and C, given that in partial fractions

5x2+13x+5 A B c

x(x+1)2  x  (x+1)  (x+1)2

3) Express 8x7-27x+20 in the form
X —_—

(3) Exp *—2)?

A B C

x | (x=2) | (x-2)2

A Level Maths Year 2 Pure - Steve Blades 2023-2024 © - Full worked solutions are available at www.m4ths.com




WWW NATHS.COM

A LEVEL MATHS 4 (1) (a) Use polynomial division to show that (1) Express:

3x2+22x+6 . 5 5
—— can be written as: 4x°> +x“+2x—2

(5) Partial; F ractions o W G- 1)
13x + 60

Requ Iril %A\lgebralC A/ o\ *f 3+ *x+6)(x-3) In partial fractions. You must show full workings.
meon Ly ““*f\v

‘\ 4 e

‘\,4 ¥ 3x2+20x+12
| U RKING AT D/E ; (b) Hence, express% in the form

rcle all of the fractions below éPrat are (f’ 34 A B
per \f’ e

(x+6) = (x=3)°
g\;ﬂslf‘ﬁ'%g-l x3-x x 1-’6%% 3x -x
2534 =¢ x% x(x249)

(2) Express x4l in partial fractions
P 9x2-1 P '

(2) Show that (2) (a) Use polynomial division to show that

2x2—2x—16EA+ B, ¢ 3x2-23x+32
(x+1)(x=3) x+1D - (x=3) x2-5x-14

where A, B and C are integers to be found. ) ) 74—8x
can be written in the form A + —
(x=7)(x+2)

You must show full workings.

3x2-23x+32

b) Hence, express
(b) P x2-5x—1

in partial fractions

(3) Use algebraic division to show that

x3—x2-17x+20
(x—4)

Can be written in the form (x — 4) X f(x)
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WORKING AT B/C

(1) (a) Sketch the graphs of y = |ax — b| where a
and b are positive constants showing where the line

(6) I ntrOd UCtlon tO the | g:]zet; .or crosses the coordinate axes in terms of a
M Odu I USfELJ‘nCtlon (b) Show that the solution to the equation

e b+3
WURK|NG AT D/E ““V;}w’ lax — b| = 3 can be writtenas x = —
a

»Y""?l

(1) g(x) = |-x* ~ x| )
(a)fmd 9(2) (b) Find g(@\p
g \i ?{,

i (©) erte down the number of solutlons to

WWW.MATHS.COM

& LEVEL MATHS

(2) (a) Solve the equation [2x + 5| =3 —x

(b) Hence, solve the inequality [2x + 5| <3 —x
(2) Sketch the graph of each showing where the line

meets or crosses the coordinate axes.

@y=Ix (My=Ix-31 ()y=I[2x-1]

(3) Solve the equation |2x — 1| = |3 — x|

(3) Find the two solutions to the equation
[B3x — 1] =x + 2.

WORKING AT A*/A

(1) There are no solutions to the equation
|[4x — 1| =

where m is a constant. Write down the possible set
of values of m.

(2) (@) The equation |px + q| = r has two real
solutions. Write down the set of values of the
constant r.

(b) Sketch the graph of y = |px + q| — r where p >
0, r > 0 and g < 0. Show where the graph meets or
crosses the coordinate axes and the minimum point
on the graph in terms of p, q and r.

B)f(x)=Ax*+Bx+Cand g(x) =a

Find the maximum possible number of solutlons 0.
the equation |f (x)| = g(x) )
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(7) Mappiﬁgs and
Functions >,

EWORKING AT D/E —w’“‘ \M

(1)%{?}—35 —3, XxER, x>0

(a) Write down the domain of the functlon f(x) f
(b), Sketch the graph of y = f(x). ¢ /
hog “I-Qence state the range of f(x). >~ 7 ‘f’

) X (d) What type of mapping is f (x)?4 :7’

Rggl(%?lg of the 4 choices given bgfcfw

/A
A I
{ N4

Not a functloh”i=2 1 = ﬁunctlon, Many to one
Not a function, Many to Many A Function, 1-2-1

(e) Given that f(a) = 22, find the value of a and
explain why there is only one possible value of a.

@ f:(x)»3x—1, xER
(a) Write down the range of f(x)
(b) Find the value of p such that f(p) = —13

x + 2, 2<x<10}

(a) Sketch the graph of y = g(x)
(b) Find the range of g(x)
(c) Solve the equation of g(x) =1

WORKING AT B/C

() h(x)=e*—6, xER

(a) Sketch the graph of y = h(x) showing the exact
values where the curve meets the coordinate axes
and write down the equation of the asymptote.

(b) Write down the range of h(x)

(c) Given that h(a) = 2, find the exact value of a.
(d) Sketch the graph of y = |h(x)| stating its range.

(2 f(x) = x?—2x+10,x ER

(a) Write f(x) in the form (x + p)? + q

(b) Sketch the graph of y = f(x)

(c) Explain why f(x) is not a 1-2-1 function.
(d) Find a suitable domain that makes f(x) a 1-2-1
function.

Doris choses the domain 0 > x for f(x),

(e) Using Doris’s domain, solve the equation
f(x) = 45.

(f) Explain why the graph of y = f(x) and the
graph of y = |f(x)| look the same.

(@) g() ==, 1<x<4

(a) Sketch the graph of y = g(x)
(b) Find the range of g(x)

(c) Explain why g(x) # %

WORKING AT A*/A

(1) f(x)=2x3+3x2—12x, —3<x<1

(a) Find the coordinate of any stationary points on
the graph of y = f(x).

(b) Hence, find the range of f(x).

(c) Find the exact solutions to the equation f(x) = 0
(d) The equation f(x) + a = O wherea isa
constant, has no solutions. Find the possible set of
values of a.

(2) The function h(x) is shown below.

(_2ﬁ)

(2.-2)
h(x) is linear and piecewise.
() Write a possible expression for the function h(x)
including the domain.
(b) Write down the range of h(x)
(c) Find h(2)
(c) Solve the equation h(x) = 1

Va

(3) Find the range of m(x) = 12 —e*, -1 < Y4
giving your answer in exact forf@.
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(8) Composne Functions [

WORKING AT D/E

,,{\»f' H({L) /;(,g?)ﬂzf(x +1)?%,x€R and;g,(x‘) = 2L

@ Find DoF@) ) foc—4) i) r2-2) ?’
(b) Show that fg(x) = Ax? where 4 is a constant to
bef,fﬁund Q\ (f’

‘ . (d) ﬂgg\lce solve the equation gf (ﬁ\ 1 J/

g
(vﬁ A ~<\
- A /‘
2. oY s
‘*w\ Py Se® S
Lo, ..o S

4

(2)f:(x)—>§, x>0andg:(x) > x?% x€E€R
(a) Find a simplified expression for ff(x)
(b) Hence, solve the equationf f(x) = gf (x)

B)fx)=4x+1
Show that £2(x) # [f(x)]?

WORKING AT B/C

(1) f(x) =e**,x€e Rand g(x) =In(B3x —1),x €

R,x > é
() Show that f g(x) can be written in the form
(Ax + B)? where A and B are integers to be stated.
(b) Hence, solve the equation fg(x) = 25.
(c) Explain why there is only one solution to
fg(x) =25
(d) Find the exact solution to the equation

gf(x) = In8

(2)h(x)=i, XER, x#3
-6
(a) Show that h? (x) = T
(b) Hence, solve the equation h?(x) = h(x) giving
your answers in exact form.

B)f(x)=4—x, xeRandg(x) =|x|, x ER
(a) Sketch the graph of y = gf (x)
(b) Sketch the graph of y = fg(x)

WORKING AT A*/A

(1) m(x) =3% x€eRandn(x) =2x, x ER
Solve the equation mn(x) = n(3) — m(x) giving
your answer in exact form.

(2) The graph of the linear piecewise function
t(x),—2 <t < 4 is shown below. 3 of the points
that satisfy t(x) are shown on the graph.

(4:3)
(_22)

™~

(2.0)

A second function s(x) is such that s(x) = x3,x €
R. Solve the equation st(x) = 8

(3) h(x) = i,x ER,x#+0andg(x) =x—4

() Show that h(x) is self-inverting

(b) Sketch the graphs of y = hg(x) and y = gh(x)
on the same set of axes

(c) Hence, solve the equation hg(x) = gh(x)
giving your answers in exact form.

Va
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(D) h(x)=VYx+6, xERx>—6 (1) The diagram below shows the graph of y = f(x)
B s R e i R S A (a) State the domain of h(x) (4.8)
‘ . ] (b) Find the range of h(x)
(9) Inve I"SSBFU nctions 03 (c) Find an expression for A=1(x)
);\.x =X 4

(d) State the domain and range of h=1(x).

A WORKING AT D/E S (o) Solvethe equaton h4(x) = h(x)

/g\,l’ () ,;()Qﬂa’(x +2)%X ER, X2~ *2{}"” < |
(a) Write down the domain of f(BiQ p \ @ (2) The graph below is y = f(x)

(b) sketch the graph of y = f(x) w : (48)

(©) Ijence state the range of f(x) "

% (d)Show that the inverse function f e‘%gc) =

7" Using your answers to parts (a), (b) and (\}" <

1 (e) /Kgmch the graphof y = f~ 1(9£jstat|ngfh/e
detmam}the range of f~1(x)

() Fmdf{*i(l) o Ol ' /( 2,0)

T et /

(_42_2)
f(x) is made up of two linear parts for —4 < x < 4
gx)=x(x—3),xER,x >0
(2) g(x)=x3—3, xR, x>0 Solve the equation fg(x) = 8
(a) Find g~1(x) stating its domain and range.
(b) Sketch the graph of y = g~ 1(x)

(2,0) (2) h(x) = x? + 2px + q where p and g are

(a) Explain why it’s not possible to find f~1(x) DOSI.tlve ConStant_Si T2 .
The domain of f(x) is now restricted to 2 < x < 3 gyrlllds::ggbests h (f) = TPENxEPTHg
@) fG) =x2—2x—3, x €R (b) Sketch the graph of y = f~1(x) stating its ould he be correct:

Explain why it is not possible to find £~ (x) domain and range.

(3) f:(x) » e?* +1,x €R. (3)t(x)— xEinlandS(x)—S‘
Find the inverse function stating its domain and
range.

Solve the equatlon s Mx) S x
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\ (1) (a) Sketch the graph of y = e!*! showing where (1) f(x) = x> + x — 42
A LEVEL MATHS f the graph crosses the coordinate axes. (a) Sketch the graph of y = f(x)
ol (b) Find the exact solutions to the equation e*! = 4 (b) Solve the equation |x|? + |x| —42 =0
(10) The Fu nctions ;‘f‘ (c) Write down the minimum number of solutions to
the equation |f (x)| = a where a is a positive
N — |f(_x&l @nd y = f(lw (2) (a) Sketch the graph of y = [In (x — 5)| showing consgnt. @)l P
\‘T;xb <2y, where the graph meets the x axis and writing down

o i i i
A w 0RK | NG AT D/E@ \WJ\J the equation of the _vertlcal asymptote. N
d N J (b) Solve the equation 2 = |In (x — 5)| giving your
(1) f ) =x*—-x—-6 x€R Y o answers in exact form.

(2) Sketch the graph of y = £ (x) sh9wmg where thie (c) Sketch the graph of y = In (|x|) labelling the

graph crosses the coordinate axes. | equation of the asymptote.
\Et%r”‘;» 5 Bj"relence sketch the graph of each;offh&;foﬂ;@f//\)mg

showing where the graph meets or grosses the
" caordinate axes: () y = If ()| (1) -5 (1) (3) The graph of y = g(x) is shown below

(c)‘%tate  the number of soluuansztae the equation (6,4)
|x —x— %F%Fﬁg f«! ).,» 1

(2) The graph of y = g(x) is shown below.

(-1.6) (2) (a) Sketch the graphs of y = |cos (x)| and y =
sin(|x|) —180 < x < 180 on the same set of axes.
(b) Solve the equation sin(|x|) = 0.5,—180 < x <
180.

(c) Solve the equation sin(|x|) = |cos (x)], —180 <
x < 180.

(2,-3)

On separate diagrams, sketch the graphs of (a) How many solutions are there to the equation
(i) y = |g(x)| and (ii) y = f(|x|), stating points lgC)l =17
where the graph meets the coordinate axes and the (b) How many solutions are there to the equation
coordinates of any turning points. g(x[) =37
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(11) Multiple Graph
Transformations

BWORKING AT D/ E e

1) ﬁbﬁ diagram below shows parf’@"f the curve Wih@j
equation y = £ (x). The coordinates of the minimum
DOJI:ﬁ and where the curve crosses thw axis is (f,

o O\ﬁln .?,_mb-. *‘9"“‘{;

'S o4

LA\» 4
e
&

b

\/

(3.-2)

On separate diagrams, sketch each of the following:
(@) y = 2f(x) + 1 stating the coordinates of the
minimum point and the y intercept.

(b) y = f(2x — 5) stating the coordinates of the
minimum point.

(c) y = —f(x) + 3 stating the coordinates of the
maximum point and the y intercept.

(d) y = |f(x)| — 2 stating the coordinates of the
maximum point and the y intercept.

(e) y = —3f(0.5x) stating the coordinates of the
maximum point and the y intercept.

(2) Describe fully the transformations that map the
graphsofy = g(x)toy =1 — g(x — 2).

WORKING AT B/C

(1) Part of the graph of y = h(x) is shown below

(1,0) (2.0)\/ (3.0)

The coordinates shown are where h(x) = 0.

(a) Sketch the graphs of y = h(2x — 1) showing
where the graph crosses the x axis.

(b) Sketch the graph of y = |h(x)| showing where
the graph meets the x axis.

(c) Sketch the graph of y = h(—x — 1) showing
where the graph crosses the x axis.

(d) Doris wants to draw the graph of y = ah(x)
where a is a constant. State what will happen to the
points (1,0), (2,0) and (3,0) under the
transformation.

(2) The graph of y = g(x) is shown below

(4,3)
(7372)

(—2,0)\//(1.0)

(71572)
(a) Sketch the graph of y = 0.5g(—x) + 2
(b) Sketch the graph of y = —g(|x|)
(c) Sketch the graph of y = 1 + g(2x)
(d) Sketch the graph of y = |g(x + 3)|

WORKING AT A*/A

(1) f(x) = x% + bx + ¢, x € R where b and c are
constants.

The graph of y = 2f(x + 3) is shown below with
minimum point (—4, —18)

\/

Find the values of b and ¢

/

Q) t(x) =x3—4x>+x+6, x€R

(@) Show that t(—1) = 0

(b) Hence, fully factorise t(x)

(c) Sketch the graph of y = t(x) showing where the
curve crosses the coordinated axes.

(d) Sketch the graph of
y=(0{A4x—2)3—404x -2+ (4x—-2)+6
showing where the grapoh crosses the x axis.

(B)f(x) =x>—2x—8, xER

The equation |f(x)| = a has 2 real_'__so'lufioné.\ Find L2,

the possible set of values of the constant a.
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(12) Solvmg Modulus i

Equatlonga;&d Inequall’g;esqﬁ

<

EWORKING AT D /E el \W«‘f

(1) f69) = Ix|,x € R k¢ Yy
(a) Sketch the graph of y = f(x) |
(b) Aoﬁlrlte down the range of f(x) B /
5 s‘ir{g your answers to parts (a) and Qb) \{{v-wz;;&g
X (c) Sketch the graph of y = |x| + 3 :y"
gﬁa the range of y = |x| + %”’\
leé{ljar}g(x) = —|x| + 3, x‘E :Rv”
(e) Find thé tange of g @)=
(f) Solve the equation g(x) = —

(2) (a) Solve the equation |2x + 6] = x + 4
(b) Hence, solve |2x + 6] < x + 4

(3) By drawing two different graphs, show that there
are no solutions to the equation 1 — |x| = 6

WORKING AT B/C

(1) (@) Solve |3x + 7| = |x — 3|
(b) Hence, solve |3x + 7| < |x — 3]

(2) f(x) = |3x| =5

(a) Sketch the graph of y = f(x) showing where the
graph crosses the coordinate axes.

(b) Solve the inequality f(x) > 6 giving your
answers as exact fractions.

(c) Explain why f~1(x) doesn’t exist.

(d) With the help of a sketch, show that there are no
solutions to the equation f(x) = x —6

(3) Sketch the graph of y = 5 — |x + 1| show where
the graph crosses the coordinate axes.

WORKING AT A*/A

(1) f(x) = |ax — 2],x € R where a is a positive
constant.

(a) Sketch the graph of y = f(x) showing where the
graph meets or crosses the coordinate axes. Give the
coordinates in terms of a

(b) Solve |ax — 2| = a giving your answers in
terms of a

Given that there is one solution to the equation

|ax — 2] = b — x where b is a constant

(c) Find b in terms of a.

2 f(x)=|x+al+b, x € Rwhereaandb are
constants.

The graph of y = |x + a| + b has a minimum point
with coordinates (—1,4) and y intercept (0,5).

(a) Find the values of a and b

(b) Hence solve [x + a| + b < 3 — 0.5x

(c) The equation f(x) + ¢ = 7 where c is a constant
has one solution. Find the value of c.

(3) There are no solutions to the equation. -
3lcos (x)|+1=a, 0 < x <360, Wherea ISa )
constant. Find the possible set of values of a. ..~
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(13) Arlthmetlc Sequences f

WORKING AT D/E /‘“f

. Q)

‘I‘K\Phé“ﬂ’ mﬁterm of an arlthmeteseq{@ﬁie is \W‘,\é

Xy Me

[, n=2n+5 "{

(a) Ifnd the first 3 terms in the sequ@gce
7 (b) S <how that the term 91 is in the se;aueﬁée
K (c)«GM‘eCn that u, = 47, find the y’“‘%gﬁ a

(2) (a) A sequence is generated by the formula
n=24—3n

(i) How many terms in the sequence are > 0 ?

(i1) Find uy,

(b) A sequence is generated by the formula
n=12+8n

(i) Find the value of a, the first term.

(i) Write down d, the common difference.

(iii) Write down the first term that exceeds 100.

(3) Find the nth term of the sequence -10, -14, -18, -
22.....inthe form u, = pn+q

WORKING AT B/C

(1) In an arithmetic sequence the 4™ term is 18 and
the 12" term is 34.

(a) Find the nth term of the sequence in the form
= pn + q, where p and g are constants.

(b) Another arithmetic sequence has nth term
» = 40 — 3n. Show that there is a term in both
sequences, stating the term.

(2) (a) Find out how many terms there are in each of
the sequences below:

(i) 4,7,10 .....238,241 (i) 5,3,1...—121

(b) An arithmetic sequence is 40,36,32 .....—236.
How many negative terms are there in the sequence?

(3) The first 3 terms of an arithmetic sequence are
2p—1, p—2and4p +9.

(@) Show that —p — 1 =3p + 11
(b) Hence, find the value of p

(c) Find the nth term of the formula.

(d) Write down the number of negative terms in the
sequence.

WORKING AT A*/A

(1) An arithmetic sequence u,, has first term p? + 1
and second term 3p + 10, where p is a positive
constant. Given that the common difference, d, in
the sequence is 5.

(a) Find the value of p

(b) Find the third term.

(c) Find the largest term less than 100.

Given instead p was a negative constant,

(d) Find an expression form the nth term of the
sequence in the formu, = ar + b

(e) Write down the only terms that appear in u,, that
don’t appear in u,.

(2) A sequence has first 3 terms p2,4p and 2p + 10
where p is a constant.

Prove that the sequence is not arithmetic.
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(14) Arithmetic Series

WORKING AT D/E .

~(1).Find the sum of the first 80-terms in each
ariﬁime‘ﬁc sequence using the foi’iguja}book:
(a) First term (@) 4, common diffeﬁ%nt (d) 6

(b)-3,1,5,9,13

(2) An arithmetic series has first term 6, second term
11 and last term 611.

Use the formula book to show that the sum of all the
terms in the sequence is 37637.

(3) An arithmetic series has first term -2 and second
term -5. The sum of the first n terms is -5430.
(a) Using the formula book, show that
3n? +n—10860 =0
(b) Hence find the value of n

WORKING AT B/C

(1) Show that the sum of the first 40 even numbers
is 1640

(2) The first term of an arithmetic series is 9 and the
last is 384. Given that the sum of the terms in the
series is 14541

(a) Find the number of terms in the sequence

4782

(b) Show that the 12™ term in the sequence is ——
73

(3) The first 3 terms of an arithmetic series are
2p, p2 — 11 and p + 5 where p is a constant. Given
that the sum of the first 3 terms is -6

(@) Find the value of p
(b) Find the 14" term of the series

(c) Find the sum of the first 60 terms in the series.

WORKING AT A*/A

(1) The 8™ term of aa arithmetic series is 28 and the
14" terms is 64.

(a) Find the sum of the first 100 terms in the series.
(b) Given that the sum of the first r terms doesn’t
exceed 3000, find the value of r.

(c) Given that the sum of the first k terms in the
sequence is negative, find the greatest possible value
of k.

(2) Prove that the sum of the first n terms in an
arithmetic series can be given as % (a + 1) where a

is the first term and [ is the last term.

(3) Show that the difference between the sum of the
first 100 even numbers and the first 100 odd
numbers is 100.
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(15) Geometrlc Sequences o
e

WURKIG AT D/E
,u:ia_d)‘

(\IYE’ ind the 51 and 12" term rﬁ?\éa‘eh“@f”’ he ‘\W{\
Mf-‘

followmg geometric sequences: 7

(a) (g)3 5.4,9.72 (i) 5m 1

, tﬁ‘&xplam why 1.9, 6.08, 19.456, 6§§T3Q7 <

| not ageometrlc sequence.

(2) The 5" term of a geometric sequence is 0.0512.
Given that the first term is 2, Show that the common
ratior = +0.4.

(3) Given that a geometric series with first term 2
has 7™ term 152%, find the possible values of the
common ratio r.

WORKING AT B/C

(1) The 5" term of a geometric sequence is 3.1104
and the 7" term of the sequence is 4.478976

(a) Find the common ratio r, given thatr > 0

(b) Find the first term a

(c) Find the 12" term of the sequence

(d) Find the first term in the sequence that exceeds
200.

(2) A geometric series has first three terms p + 1,
4p and 12p where p is a constant.

(a) Write down the value of p

(b) Hence find the first 3 terms.

(c) Write down nth term for the formula in the form
cxdr?

(d) Find how many terms in the sequence are less
than 500.

(3) A sequence has first term 10, second term 5 and
so on such that it forms a geometric progression.
Find the term in the sequence that is closest to 0.01

WORKING AT A*/A

(1) The first 3 terms of a geometric sequence are
k, 2k —11 and 22

Given that there is onIy one positive term in the
sequence, find the value of k.

where k is a constant.

(2) A geometric sequence has first term a and
common ratio r. Given that the 4" term in the
sequence is 100,

() Explain why both a and » must be positive or
both be negative.

Given that a and r are positive,

(b) Show that:

2-—1

log(r) = %@

(c) Given that 0 < r < 1, find the possible set of
values of a.

(3) Prove that the sequence a,a + 1,a + 2
where a is a constant, is not geometric.
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(16) Geometric Series

WORKING AT D/E P

N
— ,,‘.q—y”’ T __,..:f}i_j . |
(L¥wsifg the formula book, find fhe'stim of the‘*‘ﬂgsta\f
40 teyms in each geometric series: i
V q

bd
1|

(@ a/=3andr = 1.2
4

(2) The sum of the first 5 terms of geometric series
with common ratio 1.5 is 26.375. Use the formula
book to find the first term a.

(3) 8,6.4,5.12............ 2.62144 is a geometric
series.

(a) Find the number of terms in the series.

(b) Find the sum of the terms in the geometric series

WORKING AT B/C

(1) A geometric series has 4" term 8.64 and 7" term
14.92992.

(a) Find the first term a

(b) Find the common ratio r

(c) Hence, find the sum of the first 7 terms to 3
significant figures.

(2) A geometric series has first term 2 and common
ratio 1.8. Given that the sum of the first n terms of
the series exceeds 25,

(@) Using the formula book, show that 1.8™ > 11
(b) Hence, find the smallest possible value of n

(3) The first 3 terms of a geometric series are
k, k+4and3k +4....

where k is a positive constant.

(a) Show that k? — 2k —8 =10

(b) Hence, find the value of k

(c) Find the sum of the first 10 terms of the series.

WORKING AT A*/A

(1) Aseries uy, is given by u,, = (a x 2" 1) + 4n
where a is a positive constant.

Given that S,, = 1678560, find the value of a

(2) Prove that the sum of the first n terms of a
geometric series with first term a and ratio r is
_a(l-r")
"o 1-r

(3) Prove that the sum of a geometric series with
first term 4 and ratio 0.4 cannot exceed 7.
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(17) Geomzetrlc Series. The: s
Sum to Lm‘mgy

WORKING AT D/E v”"" \m
Mf-‘

~2"‘v
@ C?rcle which ones of the followmg series are

convergent. l—
Verg

o4

vy
4;;

(2) Find the sum to infinity of each of the geometric
series below

(a)8,4,2,1.....
(b)a =14, r=0.1

(3) The sum to infinity of a series with first term 12
is 40.

(a) Find the common ratio
(b) Find the 6" term.

(c) Find the sum of the first 4 terms.

Q

e “““‘f

WORKING AT B/C

(1) A geometric series has first term 10 and third
term 6.4. Find the sum to infinity of the series,

(2) The first 3 terms of a geometric series are p, 2p
and 4p where p is a constant,

() Explain why it is not possible to find the sum to
infinity for the series.

Given that p is actually 1.84,

(b) Find the sum of the first 8 terms of the series.
(c) Given that the nth term in the sequence is the
first to exceed 100, find the value of n

(3) In a geometric series S, = 50 and the second
term is 12.

(a) Show, using the formula book, that
501 —r)r=12

(b) Hence, find the 2 possible values of r

WORKING AT A*/A

(1) The 5™ term of a geometric series is 0.01 and the
8" term is -0.00001

Find the sum to infinity of the series,

(2) A geometric series has first 3 terms 4p, p — 0.8
and zisp where p is a constant.

Given that S, = 20 and all the terms in the series
are positive, find the value of p.
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A LEVEL MATHS % (1) Evaluate (1) Evaluate

(18) Slgma Notatlon for f; Zlow 117 +2r

Series /‘5\” Vel ﬂ/}’w\ﬁ Giving your answer to 1 decimal place.

WURKING AT [l/E '**;}"”'" \ 4

‘2"‘1

@ (a%) Write down what type of seqijence 74 2r |§§,
(b)»éence using the formula book, fmg
7 ?’)A‘\?‘? "‘? (:;f/
7’

45

. ' Z 7 4 21 M\} (2) Give that (2) Show that
"‘{(“1 }\ f*' 10

FERN n+1

Pe p x 3" = 44286
() erte d‘éWﬁﬂwhat typefféf’s‘équence 3 x 2" is. Z 2 4x 27 =2m4 - 23

r=1

(d) Hence, using the formula book, find use the formula book to find the value of the

constant p.
Z 3x 27

(2) Evaluate (3) Given that

. 2
(3) Give that Z 3% BT = £.13

n
Z 7n—6 =5226
r=1
use the formula book to find the value of n. 0
Z 3XR"
(3) Evaluate ~

where R is a constant, find

Va
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A LEVEL MATHS 4 (1) u, = cos(90n°) ,n>1 (1) A sequence is defined for n > 2 by the

. recurrence relation
(a) Show that the order of the sequence is 4

P (b) Explain why Up =Up—g — 3, uy =k,
A

(19) Recurrence Relatlons
and Perlegj,e Sequencesﬁ/k

Z u = -1 Given that ug = —11
WORKING AT D/E e \m _
‘;.‘_?/ gf

% (b) Find the value of k

7
R

(a) Show that the sequence is arithmetic.

1%
Dujq =4u, —1, u; =3.
(L) i " ! (c) Evaluate

(a),Esind Uy, Uz and u,. Q\ (f/
g <
[ (b) Explam why the sequence is not arlth:h\’eyc () Upyr = W)2 =1L u =p, p>0
| ’M\ (a) Find and expression for u,,
5 {
Z -

A D
A \>‘7' /A
N
b

Given that

2
Z ur -
r=1

(b) Find the value of p

(2) u,, = tan(180n°) + cos(180n°) ,n > 1
Explain why
(a)

(@) ups1 = —Up, Uy = 4.
(@) Find uy, uz and uy.

(b) Name what type of sequence this is. @ u,= (D" n=1

(c) Explain why 200 (a) Show that the sequence is periodic and state its

eriod.
Z u, =0 P

=1 (b) Write down the value of
8001

S

r=1
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(20) Appllc;atlon of Series [
f‘

~(1),Dorjs has 1kg of chocolatexShe eatg,hafF'fe:E\t\h
bar nefday, then half of the remaLnlr’Fﬁ amount th&""\
next day and so on such that she hag 5009 on day %7
one, 2509 on day two, 125g on day three and so ona*
T@eﬁamount of chocolate r emammg:s@n be
os Lmodelled by the equation M = 1006”x%*§@@\ﬁﬁere
“# Mis the mass in grams and n is th&numbef?df days
\‘s:k@éA she started eating it.

A
4‘ vl

(a) Shdw}ugng the formula, Lhat on fhe 5 day of
eating she willeat 31.25¢-6f chocolate.

(b) Find the total amount of chocolate she has eaten
after 8 days, giving your answer to the nearest gram.

(2) Cyril is given £10 pocket money by his parents
one day to start his savings, Each week after this his
pocket money increases by £2

(a) Find out how much pocket money he will get in
the 18" week.

Cyril saves all of his pocket money for 20 weeks.
(b) Use the formula book to find the total amount he
has saved.

xf

WORKING AT B/C

(1) Doris is selling trees. She charges £20 for a
30cm tree which is the smallest available height. For
every 10cm increase in the height of the tree she
charges an additional £5 such that a 40cm tree costs
£25, a 50cm tree costs £30 and so on.

() Explain why the cost of a tree follows an
arithmetic progression.

(b) Find the cost of buying a 2.4m high tree.

Cyril wants to make a decorative garden. He decides
to buy the first 20 sizes of tree Doris sells.

(c) Find the total cost of the trees Cyril buys.

(d) Cyril’s father has £800 to spend on a tree. Work
out the height of the largest possible tree he can buy.

(2) Doris sets up an Instagram page. On the first day

3 new people begin to follow her. Every day after

that double the number of new people follow her as

they did the day before such that on the 2" day 6

new people follow, on the 3 day 12 new people

follow and so on.

The number of new (N) people following her after

(t) days can be modelled by the formula
N=3x2"1 t>1

(a) Use the formula to show that 24 people followed

Doris on the 4" day

(b) Find out how long it will take before 1000 new

people follow her each day.

(c) Find out the total number new followers she will

have after 12 days.

(d) Comment on the suitability of the model.

WORKING AT A*/A

(1) Cyril is training for a marathon. He finds a
circuit around his local park. On the first day he
plans to run one lap. Every day after this he plans to
run one more than twice as many laps as did the
previous day such that on day one he run would run
1 lap, day two he would run 3 laps, day three he runs
7 laps and so on.

() Explain why this model is neither an arithmetic
series or geometric series.

(b) Write a model using a recurrence relation for the
number of laps (u) after (n) days Cyril runs.

(c) Using your answer to part (b), evaluate

5
r=1

(d) Explain what your answer to part (c) represents
in the context of the question.

(e) Given that each lap was 1000m, comment on the
suitability of the model.

(2) Doris is washing dishes for her parents. On day
one she is paid 1p and every day after than she is
paid twice as much as she was the day before such
that on day two she is paid 2p, on day three she is
paid 4p and so on. Doris plans to save all of the -,

money she is paid. Find out how long-it WI|| take hér:. o

to save at least £1°000°000.

Va
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(21) Blnomlal Expansion oﬁ
the form‘ﬂf‘t x)"

__‘u:i‘j. ‘E
BWORKING AT D/Egne e
@ U§ ng the formula book, find tHé* first 4 terms ||1}f

each of the expansions below in ascendlng powers 7 ;
of X S|mpI|fy|ng each term. B

(a) fi + 2x)4 |x| < -

L) ‘,(11\— )7L x| < 1

© ﬁ}e@)}, i< 4;“:' -
oS

() () =VT+ax, |x| <7

() Show that f'(x) can be written in the form

(1 + 4x)™,where n is a rational fraction.

(b) Hence, find the first 4 terms in the expansion of
f(x) in ascending powers of x, simplifying each
term.

(c) Find the simplified value for f(—0.1)

(d) Using your answer to part (b), and a suitable

value of x find an approximation for g

(3) Show that the first 4 terms in the expansion of

, |x] < 1 in ascending powers of x are:
3

1
14x
1—x+x?>—x

WORKING AT B/C

(1) Using the formula book, or otherwise, find the
first 4 terms in each of the expansions below in
ascending powers of x, simplifying each term. State
the set of values for which each expansion is valid.

@ 7=

(b) V1 + 0.25x

(2) Show that the first 3 terms in the expansion of

2+x

o’ |[x] < 1 inascending powers of x are

2+ 5x + 8x?

(3) (a) Find the 4 terms in ascending powers of x_of

the expansion of v1 — 2x stating the set of values of

x for which the expansion ins valid.

(b) By substituting x = 0.4 into your expansion,
find an approximation of v/5

(c) By considering your answer to part (a), explain
how you can find a more accurate approximation to

V5

WORKING AT A*/A

(1) In the expansion of (1 + px)™, |x| < %the first
3 terms in ascending powers of x are 1 — 4x — 4x2..

() Showing full workings, find the value of the
rational constants p and n.

(b) Find the 4" term in the expansion.
(c) By choosing a suitable value of x use the

. . . N 3 ra7\2
expansion to find a cubic approximation to (5)

V1+3x

(2 g(x) =3

Find the first 3 terms in ascending powers of x in
the series expansion of g(x) stating the set of values
of x for which the expansion is valid.

(3) In the expansion of ;——,a < 0 the coeff|0|ent

\/_

of the term in x2 is 1.25. Find the coeffmlent of the o

term in x3 v
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(22) Blnomlal Expansion oj"‘i

the form&%—; bx)"

\_- ¢‘
(1) (aEJ Show that (4 + x)z can be w;rltten as

l

x‘:+

]

7 (b) iglence using the formula book ﬂ>nd ﬁe“’ﬁéﬁ;

/.4&

B terrp»em the expansion of (4 + x);e*\
(c‘ﬁfwm%*down the set of valuesﬂt xic}r which the

e
4! ﬁ"
e )

(2) (a) Cyril wants to find the expansion of

(3 — x)™2. He wants to use Pascal’s Triangle to find

the coefficients of each term. Explain why he can’t

(b) Using the formula book, show that the first 3

terms in ascending powers of x in the expansion of
— 1 2 1

(3—x) 2 are5+ P +;x2

(c) Write down the set of values of x for which the

expansion ins valid.

(3) Find the first 4 terms in ascending powers of x in
the expansion of (2 + 3x)™%, |x| < g

WORKING AT B/C

(1) Use the formula book to show that the first 3
terms in ascending powers of xin the expansion of

14x 19 13 5
N [x] < 9are +54x+648x

(2) (a) Find the first 3 terms in the expansion of

V2 + x, |x| < 2 inascending powers of x
simplifying each coefficient.

(b) Use your answer to part (a) with a suitable value

of x to find an approximation to value of rzg

(3) Find the first 2 terms in the series expansion of

(25+ E stating the set of values of x for which the

expansion ins valid.

WORKING AT A*/A

(D) f(x) = (2 + bx)*

Given that the first two terms in the binomial
. 1 3
expansion of f(x) are PRETIE

(a) Write down the value of ¢

(b) Find the value of b.

(c) Find the 3" term in the expansion

(d) Find the set of values of x for which the
expansion ins valid.

(e) Without any further expansions, find the first 3
terms in the expansion of (2 — bx)¢

(2) (a) Find the first 4 terms in ascending powers of

1
x in the expansion of (x + 8)3 simplifying each
term.
(b) Find the set of values of x for which the
expansion ins valid.
(c) Use your answer to part (b) to find a cubic
approximation for 3/9, showing all your workings.
(d) Find the percentage error in your approximation.
(e) Explain how this approximation could be
improved.

(3) (@) h(x) = —+ xl <1

Explain why there are no odd powers ofx i |n the
series expansion of h(x). b

7
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(23) Blnomlal Expansmns o
Usmg P&QL@LFractlons /”k S

e, } ‘u:i.‘k_ 4{ i

g2 , ol
Mv < Q\Vvég
Q.‘

WORKING AT D/El ;«

5+7x /
(/)‘@ Express =" in partial %ctlggi (f’
N (b) He)ch using the formula book}ﬁ}?w tbéf the
ﬁrms\f% terms in ascending power§ao rirrexpansion

Q\‘E{Xl—7é . (M‘ \_)"'—’
of (1+x )(1+“§x}*§nr£ et e

5—8x + 14x2 ...
(c) Explain why |x| <3 Linstead of |x| < 1 for the
series expansion to be valld.

WORKING AT B/C

(1) (a) Express 5

in the form +
(b) Hence, using the formula book, find the first 4
terms in the expansion of 37X in ascending

—x)(3+x)
powers of x, simplifying each term.

(c) State the set of values of x for which the
expansion ins valid.

13+7x
(1-x)(3+x) (1 x)  (B+x)

WORKING AT A*/A

(1) h(x) =

e Xl<1
(a) Express h(x) in partial fractions.

(b) Hence, find the first 3 non-zero terms in the
binomial expansion of h(x) simplifying each term.
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(24) Usmg Radlans as a
Measurem%ﬂ; of Angles /M

BWORKING AT D/ Egueam \W«
Sy-,‘_?/

e
Y k’f
[

@ V\?‘i’thout a calculator, convert ea{"éh of the
follawing to radians, giving your answers as

,'Q\ / g
P
. (a) 3@9 (b) 60° ©) 4549 -'“(»di 90°

' (f)0° (@f&@oﬁb‘ (h) 180°

(2) Without a calculator, convert each of the
following to degrees:

@I O ©r @F @E4n

(3) (a) Use a calculator to convert each of the
following to degrees. Give answers to 1dp.
(i) 1.2¢ (i) 0.87¢ (iii) 5.36¢

(b) Use a calculator to convert each of the following
to radians giving answers to 3SF.
(i) 37° (i) 254° (i) 112°

e

WORKING AT B/C

(1) Without a calculator, convert each of the
following to radians, giving your answers as
multiples of :

(a) 240°  (b) 300° (c) 135° (d) 15°

(€) —30° () —45°  (g)210°  (h) —90°

(2) Without a calculator, convert each of the
following to degrees:

(&) =" 0)-Z  (©3n

(d) — g (e) —2m (f) 8n

(3) AABC is shown below. AB = /3, AC = 2 and
< BAC = g

Without using a calculator, show that the area of
AABC is Z units.

A

WORKING AT A*/A

(1) (a) Sketch the graph of y = sin (x _ g)

0 < x < 2m show where the curve meets or crosses
the coordinate axes. Write down the coordinates of
any maximum or minimum points.

(b) The graph of y = pcos(6 —q),0 <6 < 2rm
where p is a positive constant and 0 < g < E

crosses the 6 axis at (5?” 0) and (11" 0)

The graph has a maximum point at (r, 8).
Find the values of p, g and r giving g and r in terms
ofm

(2) APQR is shown below. PR = /3, QR = 2 and
< PRQ = %

Without using a calculator, find the length of PR in
its simplest form.

0

(3) Show, without using a calculator, that
4
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WORKING AT B/C

(1) (a) A sector has centre O and arc AB of length

10—” . Given that AO = 4, find < AOB as a multiple

WORKING AT A*/A

(1) The diagram below shows a circle centre O and
diameter AB = 10cm. The point C lies on the
circumference of the circle. The straight line BC

creates a shaded segment as shown below.

Of .
(25) ArC L&ngthS (Rad |an5);€ (b) Write down the perimeter of the sector in exact

form.
WORKING AT D/E

o\ é
A/ (c) A straight line AB is drawn to create a segment
~(1) The,dlagram below shows\:g,ﬁc_];‘gr A g,c‘irhg [5- within the sector. Find the perimeter of the segment

to 3 significant figures.

ané‘iegm = —and BC=12 *_/ 7

Y

() Without a calculator, show that the arc BC = 2.

(b) Hence, find the perimeter of the sector ABC in
the from A + Br.

(c) Given instead the angle at A = 1. 05¢, without
using a calculator, explain what impact that will
have on your answer to part (a).

(2) The diagram below shows the sector OPQ. The
< POQ = 2?” , OP = 8 and PQ is a straight line.
IJJ

0
Show that the perimeter of the segment created by
the line PQ = 16—” +8V3

(2) The diagram below shows a semicircle centre O.

OA =0B =0Cand < BOC =1.2°¢

A

Given that the arc length AC = 107w, show that the
perimeter of the sector AOB is 39.4 to 3S.F.

(3) The diagram below shows a sector centre O.

B C

0

BC and AD are arcs of the sectors OBC and 0AD
respectively . The length OB = 9,0D =5 and
< AOD = E. Find the perimeter of shape BACD in

the form P + Qm.

ti | \
Given that < CAB = 0.5¢, find the perimeter of the
shaded segment to 3S.F

(2) The diagram below shows a circle with centre O
and radius 1. The points A and C lie on the
circumference of the circle and AB and CB are
tangents to the circle.

Giventhan < ABC = 6
(a) Show that the length of the minor arc
AC=m—6

(b) Find a simplified expression for the Iength of the;“" -

major arc AC.
(c) Asstraight line AC is drawn. Shown that the area

of the triangle 0AC = 322
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(26) Areas of Sectors and ﬁ‘j;;

Segmeny\(ﬂgdlans) A

HA
EWORKING AT D/Egeess ;
1) 'ﬁtﬁ diagram below shows a Se fbr centre O wmbj
radlus 6cm and < AOB = — Astralght line AB |s;
dr. \ﬁn AB is also an arc of the secto?\
/ﬁ"f; . ?,A-h.\?rq{{fg

(a) Find the area of the entire sector in the form arm.
(b) Show that the area of the shaded triangle

AOB = 93 cm?

(c) Hence, find the exact area of the unshaded
segment shown on the diagram.

(2) The diagram below shows a major segment,
centre O with radius 4cm. The angle shown is 7.
Find the exact value of the shaded area.

WORKING AT B/C

(1) The diagram below shows sector with radius 8
and centre 0 and < AOB = g

AB is a minor arc of the sector and the lines AC and
OB are perpendicular.

Show that the dark shaded area is 327” —8V3.

(2) The diagram below shows a sector with centre O.

B

0
Given that the < AOB = 1.4 radians and the minor
arc AB has length 7cm, find the area of the shaded
segment to 1 decimal place.

(3) A minor sector has radius 4 and area 8. Find the
perimeter of the shape.

WORKING AT A*/

(1) InAABC, < BAC =%, BC = 13cm and

AB = 10v2cm.

(a) Find the least possible size of the area of AABC.
The entirety of AABC lies inside a circle where AB
is a diameter of the circle.

(b) Explain why the point C doesn’t lie on the circle.
(c) What proportion of the circle does the triangle
occupy?

(2) The diagram below shows two touching circles
with centres X and Y. The circles touch a shared
tangents that meet at the point U. The line XZ is a
radius of the larger circle

Given < ZUX = % ,XZ = +/3 and the radius of the
smaller circle is r, show that the total shaded area
can be written as 3v3 — (1 + r2).

(3) The area of a quarter circle is (zz 2 )cm and
radius x>, Find the value of x |n the form p + i
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(27) Solvmg Trlgonometrlg?
Equatlon@Qermg Radlapsé

EWORKING AT D /E el \ 4

1) ((W{Flnd the two solutions to thél*equatlon {j‘
2 sm(x) = 1for 0 < x < 2m. Give' your answers @’é
mulzéples of . Q\

. 't‘ﬁ‘ﬁgnd the two solutions to the eq@t‘i@n\f < ‘f

. COS&’Q gfor 0<x<2m. leeKur ar;sﬁ/ers as
rﬁ‘iﬂyplé’s of . A

1\»/’

tan(x) = ?for 0<x < Zn Give your answers as

multiples of .

(2) One of the two solutions to the equation
sin(x) = 0.4 intheinterval —m < x < mwis 0.412
correct to 3 significant figures. Find the other
solution to 3 significant figures.

(3) (a) Find the 4 solutions to the equation

tan(2x) = 1 for 0 < x < 2m giving your answers in
exact form and in radians.

(b) Find the 2 solutions in exact form for the

equation cos (x — %) = ‘/; for 0 < x < 2m.

(c) Solve sin(3x) = 0.5, 0 < x < m giving your
answers in terms of .

WORKING AT B/C

(1) (a) Show that the equation
2sin?(x) — 3 cos(x) = 0
can be written as (2 cos(x) — 1)(cos(x) +2) =0
(b) Hence, solve the equation
2sin?(x) —3cos(x) =0, 0<x <2m

(2) (a) Show that the equation v/3 sin(x) = cos (x)
can be written in the form tan(x) = k

(b) Hence, solve the equation
V3sin(26) = cos (26), —m < 6 < 1 giving your
answers as multiples of .

(3) Show that there are only 3 solutions to the
equation 3 sin(x) = 2 sin(x) cos (x) in the interval
0<x<2m

WORKING AT A*/A

(1) Solve the equation
sin2(3x—g) = cos (3x—g) 0<x<m
giving your answers as multiples of .

(2) Solve the equation 6 tan? § = 2 — 4 tan 6,
—1 < 8 < 7 giving your answers in radians. Give
any non-exact answers to 3 significant figures.

(3) Solve the equation
4cos?(x) +5sin(x) —5=0, 0<x <2m

Give your answers in radians. Give any non-exact
values to 3 S.F
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% 26 1-262 1 Given that 8 i I, show that
A LEVEL MATHS (1) Show that, when @ is small, cos ( 9) oz (1) (@) Given that 6 is small, show tha
Osin (6) 4 —4cos(20)+ 9

(28) SmaIIP*AngIe e sy o0t
AppFOXImaﬁons In Trlg ﬂ/&“ b (b) Hence, find an approximation the value of

4—4cos(20)+9

WORK”{G AT D/E Y}"” \W{\ theneissmall.

‘2"‘1 FVA

(1) G%ven that 8 is small, use the foi‘mula book to
sin (40)
" 89) ~ 0.5

showt t

(2) (a) Use your calculator to find the value of
cos (0. 1) giving your answer to 5dp.

(b) Use the small angle approximation to show that
cos (0.1¢) =~ 0.995

(c) Find the percentage error for the approximation.
(2) Given that 6 is small, use the formula book to
1—cos (9)

find an approximation for in(8)

(3) Given that 8 is small, simplify
(3) When 9 is small, use the formula book to 02 + cosfh — 1

mpli fy (69) 2sin
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A LEVEL MATHS % (1) Given that 3sinx = —4 cos x, (1) Aright-angle triangle is shown on a grid below

(a) Find the value of tan x

(29) Secanst Cosecant and /-

‘<; (b) Hence write down the value of cot x
A

COtange@\t R@“OS In Trlg/k (c) Explain why x cannot be an acute angle.

EWORKING AT D /E el \V«
‘;.‘_?/ gf

Y hoi
@ Cgmplete the following sentences:

A4
(g),ﬁ sinx = l, then cosecx =

"i

, then secx = : 24 -
f - — _ ) sing
N (2) Without a calculator, find the value of —x

(c) If‘fan&»— \/_ then cot x, =1~ cotz (a) Write down the value of sec x

fﬁ‘!»

(d) If sinx = —0-1, thencosecx=__ (b) Write down the value of cot x
(c) Write down the value of cosec x

(d) Verify that Z:i = cotx

(2) Without a calculator find the value of

cosec(60°) in the form p+/3 where p is a rational

fraction. (3) Given that cosec 6 = ——, explain why (2) Simplify the expression sec(2m — x)
cosec 1807 is undefmed.

(3) Find all the values of x for 0 < x < 2w where
cot x is undefined giving ajustlflcatlon for yaur g
answers. :

(3) Without a calculator, find the value of

cot (—45°9)
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(30) Sketching the Graphs,”
of sec x,€osecx and cotx

EWORKING AT D/ E guecsume
o e “vﬁ'

.

(1) Bi/ first drawing the graph of y\zid,: sinx,0 < x &
360/draw the graph of y = cosec x@cluding the_é
\vertjcal asymptotes. Write down the §0ardjgg;;qs46f

[ the ohe minimum point and one maximum I.pgi‘ﬁt.

) A r-4
- _(?/“‘i 4 ) yd
7 oy
oA 4 7

~q

(2) By first drawing the graph of y = cosx,0 <
x < 360, sketch the graph of y = sec x including
the 2 vertical asymptotes. Write down the
coordinates of the one minimum point and two
maximum points.

(3) (a) Write down an expression for cotx in terms
of tan x.

(b) Write down when tanx = 0 for 0 < x < 360

(c) Sketch the graph of y = cotx, 0 < x < 360
showing where the graph crosses the x axis and
writing down the equations of the vertical
asymptotes.

WORKING AT B/C

2
=—— 0<x<
(1) Sketch the graph of y snx 0 <x <360.

Write down the coordinates of any turning points
and the equations of any asymptotes.

(2) (a) Sketch the graphof y = 2 +secx, 0 < x <
360.

(a) When sec x = —2, what is the value of cosx ?
(b) Hence, find where the graph of y = 2 + secx,
0 < x < 360 crosses the x axis.

(3) The graph of y = 3 cosec(x —30) 0 < x < 360
has a minimum point with coordinates (p, q). Write
down the values of p and q.

WORKING AT A*/A

(1) The graphs y = psecx,p > 0 and y = q where
p and q are constants, don’t intersect. Find the
possible set of values of g in terms of p.

@@f@)=1-——,a>1

cosecx

a

(a) Sketch the graphof y = 1 — p——
for 0 < x < 360 including asymptotes.

(b) Explain why there are no roots to the equation

fx)=0

(3) (a) Sketch the graphs of y = sec (x) and y =
cot (x) for —m < x < m on the same set of axes.

(b) Write down the number of points of intersection
of the graphs of y = sec (x) and y = cot (x) for
—T<Xx<T

(c) Find the coordinates any points of intersection-; .. lf
giving any answers to 3S.F Py

Va
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A LEVEL MATHS % (1) (a) Show that cosec 26 tan 26 = sec 26 (1) Show that there are no solutions to the equation

. 20 29 +7 =6 0<6<2
(b) Hence, solve the equation cosec” 0 + /cosec T

|
(31) Equamons and cosec20tan20 =2, 0<86 <2m,

I dentltle&uﬁl}pg SE€CX, A/ - é giving your answers as multiples of
cx & cotxoy -“"**‘\ g
o4
(2) Given that cotp = %Where p is areflex angle

1) Write each of the following in tegms of sec 9
( )W g &n\ measure in radians, find the value of:

;}’)A‘ ‘9’"‘“"
) 4 I ¢

/Q’s\ cas? 6 cos 36 A &7/ (a) cos?p

Vs (2) Show that
V\;ﬁ‘te.,agtp of the following in I@’mls a’?cosec 6. (b) cosec?®p
< Lo, e (cosx +sinx)? _ .
-E ) 5 P =secx + 2sinx (c) sinp

(©)

sin? 0 (d) sin (£ p)

Write each of the following in terms of cot 6.

cos 460
sin 460

(€) ()

tanZ 0

(2) (a) Simplify cos x cosesecx (3) (a) Show that, if cot? & — 2cotd — 8 = 0, then

tanf = 0.25ortan @ = —0.5.
(b) Hence, find the 2 solutions for (3) (a) Show that

cosxcosesecx =1, 0<x <360 (b) Hence, solve the equation

(cotx + tanx)? = cosec? x sec? x
cot?0 —2cotd —8=0, 0<6 <360

(b) Hence, or otherwise, show that there are ne- —;
solutions to the equation (cotx + tan x).,.,

(3) Show that there are 4 solutions to the equation 0=<x=360
sec’x =4, 0<x<360 :

Give your answers to 3SF.
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A LEVEL MATHS H (1) (a) Show that the equation (1) Find the exact solutions to the equation

4‘\

% 3cot?@ —5cosecd +1 =0 V3sec?f —2tanf —2v3 =0, 0<06 <2m,

K
(32) Reci pfocal 9‘«{; can be written as
Trlgonom@LFLC Identltles (3 cosecd + 1)(cosecd —2) =0

L 0 R KING AT D/E *f;y’” ‘\W{\ (b) Hence, solve the equation

ke v 3cot?0 —5cosecf+1=0, 0<86 <360

(D) Usmg the identity sin? 6 + coséie =1, show J
that; 5 N (2) Prove the identity
(a)tﬁn 6 +1=sec?6 < sec* 6 — tan* 6
A Lr —2
N (p? k‘-ﬁ Cot2 0 = cosec? 0 ) A,/ tan® &

=sec?fcot?’0 +1

(2) Given that cotA = =, 0 < A < 90, find the
value of:

(@) tan 4

(2) Given that sec x = 4, show that tan x = +v15 (b) cosecA

(c) If 90 < A < 180 instead, how would this
change the answers to part (a) and (b) in the A = pcosecx
guestion?

(3) Given that:

B = qcotx

(a) Show that (4q)?—(Bp)? = (pq)? , where p and
q are non-zero constants.

(3]:) :}JS:C”?I the ide_ndtitie_s_in .question (1), prove each (b) Given that x is an acute angle, show that
of the following identities: sy = VT
() (cotx + 1)? — cosec? x = 2 cotx

, o , (3) Solve the eq_ugtion 3secx = 4_cosec_x, (c) Given further that A = 2 and p = 1ﬁndthe N
(b) tan” 6 — cot” & =sec” & — cosec” 0 < x < 2m, giving your answers in radians to 3SF. value of x giving your exact answer:in radians.
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(33) Inverge Trig Functlongt{‘
arcsin xf«am:cos x and /A 4

R ,u:i k_{,{
Ao ol
\dvy "‘1:} (\*v"\

‘\\' 7
Yo

WURKING AT D/EHN 7

"‘9’"‘?

(Jgﬁ:nd the value of each in radlans?i} terms o (:;;f

(2) Write down the value of each:

(@) sin (arcsin G)) (b) cos (arccos (g))

(3) Find, without a calculator, the value of each:

(a) cos(arcsin(1)) (b) tan (arccos (%))

WORKING AT B/C

(1) (a) Sketch the graph of y = arccos x stating the
domain and range.

(b) Sketch the graph of y = arcsin x stating the
domain and range.

(c) Sketch the graph of y = arctan x stating the

domain, range and the equations of any asymptotes.

(2) Given that arcsina = x, 0 < x < g show that:

(@) cosx =V1 —a?

a
(@) tanx = Newr

WORKING AT A*/A

(1) Giventhatarccosk =x, 0 < x < g, find an
expression for;

(@) sinx
(b) tan x

(c) cos(arccos k)

(2) Given that arctan (g - k) =y, 0<y< g find
an expression for siny.
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(34)Add|tton Formulae ;:j;

sin(4 & BL)«@% cos(A t 9;5

WURKING AT D/ Ege \v«
X7 Yd

@ Usmg the formula book, prove éach of the
follgwmg identities: —

) 3-91‘1“(900 —x) = cosx
© cg5(90° — x) = sinx

w{(«‘

(c) s sm{;(}" + x) = —cosx +§sj:rrf

<2r. Yo, f‘f‘ -

(2) Cyril is trying to find the expansion for
tan(45° + x)

He writes:

tan(45° + x) = tan45° + tanx
=1+tanx
() Explain what he has done wrong.

(b) Use the formula book to find the correct
expansion for tan(45° + x)

(3) Show that cos(m + x) can be written as
— cos x by using the addition formulae in the
formula book.

WORKING AT B/C

(1) Write g sinx + g cos x in the form:

(@) sin(A + B)
(b) cos (A —B)

(2) (@) Write down the expansion of sin(4 + B)
(b) Write down the expansion of cos(A + B)

(c) Using your answers to part (a) and (b), show that

__ tanA+tanB
thattan(A + B) = 1-tanAtan B

(3) Given that cos(A — B) = —sin B, where A is a
reflex angle, find the value of 4 in radians.

WORKING AT A*/A

- . Y3 Vs -
(1) Given that p sin (5 + x) = g cos (E + x), write
an expression for cot x in terms of the constants p
and q.

(2) Given that 4 sin(x — y) = cos (x + y),

4t + 1
show that tanx = ——Y * =
4 +tany

(3) Write —sin A in the form cos (A + B) where
0<B<m.
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(35) Applymg the Addition. e
Formula@mlerlg /%ﬁ

WORKING AT D/E "“*;}””'" ‘\w«

¢‘
Mf-‘
@ UEmg the formula book with A a: 45%nd B =
30° show that the exact value of smé\S") is

“::fe/
P

\

%

[
B
=Y
o}
M

(2) Use the formula book to write
c0s 60 cos 45 + sin 60 sin 45 in the form cos P
where P is an acute angle.

(3) (a) Using the formula book, show that
1

tan 15° =
141

(b) Hence, without a calculator, show that
tan15° =2 — /3

WORKING AT B/C

(1) Using the expansion of cos(4 + B) show that

12 4

cos (22) = L2

1+/3 .

G in the form tan P,

(2) Write 2 I<pP<m

(3) Given that cos A = gand cosB = %Where Aand
B are both acute angles, show that:

(8) sina =22

(b) sinB = £

1-2+70
18

2V2++/35
18

(c)cos(A+B) =

(d) sin(A+B) =

(e) Using a calculator, show that tan(A4 + B) =
—0.556 correct to 3 significant figures.

WORKING AT A*/A

(1) Given thattanA = p and tan B = q where A is
an acute angle and B is a reflex angle, show that

1—
COS(A + B) = m

(2) Given that sinA = 0.8 and cos B = 0.6, where
A is an obtuse angle and B is a reflex angle, show

that cot(A + B) = 2—74
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(36) DoubleAngIe Formulg:é
cos 24, gﬂl,m«gA and tan [}A\*j

WORKING AT D/ Ege \v«
X7 Yd

@ Use the formula book to show tﬁat

sin(24) = 2sinA COSQ‘L
;}’)A\‘\(V "““’ Cf/

(2) Use the formula book to show that cos(28) can
be written as:

(a) cos? @ — sin? 6
(b) 2cos?6 — 1
(c)1—2sin%6

(3) Prove that cos(20) + cos? 8 + sin® § = 2cos? 0

WORKING AT B/C

(1) Given that x = cos 26 y = sin 8, show that
2y +x=1

(2) (a) Prove that

2 sinx cos x
Ccos* x — sin“ x

2sinxcosx

(b) Hence, solve ————=1for0<x <m
cosZ x—sin? x

giving your answers in terms of .

(3) Solve the equation

cos2x+cosx=0, 0<x<360

WORKING AT A*/A

(1) (a) Prove that

3tanx — tan3 x

tan3x =
1 —3tan?x

(b) Hence, solve the equation

3tan2y—tan3 2y
1-3tan22y

=+3,0<y <90

(2) Given that A is an acute angle and cos 24 = ;

find an expression for:
(@) sinA

(b) cos A

(c) sin24

(d) cot 24

(3) (a) Solve the equation

sin2y =tany, 0<y <360

(a) Solve the equation

2coszg =sinf + 1 0<6<2m..

giving your answers in exact form~” '
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(37) Solvmg Trlgonometrlg{‘
Equatlon@&} 4/%;5
QW ORKING AT D / £

Y

‘2"‘1

@ (aE) Use the formula book to show that
51n§x = 2sinxcosx 4

i
7(b) ﬁence show that sin 2x = smxétan b‘wﬁr ten

L as 51mx(2 cosx—1)=0 M

b
b
/

1&

(2) (a) Using the formula book to show that

V3 1
cos(x — 30) E7cosx + Esinx

(b) Using your answer to part (a), solve the equation

3 1
gcosx +Esinx =1 0<x<360

(3) Using the formula book or otherwise, solve the

equation: - 2EnX 1, 0<x <360

WORKING AT B/C

(1) (a) Use the formula book with A = %x and

1 1 o1
B =-xs0 show that cos x = cos? SX— sin? ~x
(b) Hence, or otherwise, solve the equation

1 o1
coszzx — smzzx =0.1, 0<x<360°

Give each answer to 1 decimal place.

(2) (a) Write 4 sin x cos x in the form p sin gx

(b) Hence, solve the equation 4 sin x cosx = 1,
0 < x < 2m, giving your answers as multiples of ©

(3) (a) Show that
6 sinx cos x = 2 (cos? x — sin? x)

. 2
can be written as tan 2x = 3

(b) Hence, solve the equation

6sinxcosx = 2 (cos?x —sin?x), 0 < x < 360

giving each answer to 3SF.

WORKING AT A*/A

(1) (a) Show that 2 cos x — 2 cos3 x = sin x sin 2x

(b) Hence, or otherwise, find the exact solutions to

the equation 2 cos x = 2 cos? x, —g <x< %

2) (a) Show that cos(3x) =4 cos3x — 4cos x
(

(b) Hence, or otherwise, solve the equation
4cos®3y—4cos3y=1, 0<y S%

(3) Giventhat 12sinx = ksiny cosy, find a
possible value of the constant k and hence express y
in terms of x.
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(38) acosx + b sin x as 5:««‘
Rcos(x/ig& Rsin(x +ﬁ5 xS

WURKING AT D/ g \W«‘f
kel Nod

l;_x

@ (a3 Use the formula book to flndthe expansion
of S};ﬂ(x +a) 4 /

Q\ /
(b) Iflence write down the expansmﬁyof \f’ < Gg

L R SI?AE\X + a) .A_ },y’

S”Ung;your answers to part (a)‘@,nel”fb) show that
3 cos x ¥ 4$inx can be V\A&lriten’as 5sin(x + 36.99)

(2) (a) Using the expansion for cos(4 + B) in the
formula book, show that
12 cosx + 5sinx =13 cos(x — 22.6°)

(b) Hence, show that the solutions to the equation
12cosx + 5sinx =6.5are x = 82.6% and x =
322.6° for 0 < x < 360°

(3) Write 8 cos x — 6 sinx in the form R cos(x + @)
where R > 0and 0 < a < 90°

WORKING AT B/C

(1) (a) Express 8 cosx + 6 sinx in the form
Rsin(x + a) whereR > 0and 0 < a < 90°

(b) Hence, solve the equations below:
(i) 8cosx + 6sinx =10, 0 < x < 360°

i)8cos2y+ 6sin2y =5, 0<y<360°
y y y

(2) (@) 2 cosx + 4 sin x in the form R cos(x — @)
where R > 0and 0 < a < 90°. Give your answer
for R in exact form and « to 1 decimal place.

(b) f(x) =2cosx +4sinx, x € R. Using your
answer to part (a), find the maximum value of f(x).

(c) Write down the coordinates of the first maximum
point of f(x), x > 0.

(d) Explain why there are no solutions to the
equation 2 cos x + 4 sinx = 4.5 for any value of x

(3) (a) Express 3 cos x + 2 sin x in the form
R cos(x —a)whereR >0and 0 < @ < 90°

(b) Hence sketch the graph of

y =8cosx + 6sinx, 0<x < 360°

including the coordinates of any stationary points
and points where the curve meets or crosses the
coordinate axes.

WORKING AT A*/A

(1) g(x) = 10 — cos 5x + sin5x

(@) Show that g(x) can be written in the form
gx)=psin(bx—q)+r, p>0,0<gqg <§
where p, g and r are constants.

(b) Find the maximum value of g(x) in exact form.

(c) Given that 0 < x < m, find the values of x that
that maximise g(x), giving exact values.

(d) Sketch the graph of y = g(x), 0 < x < m. On
the graph show the coordinates of any maximum or
minimum points and the coordinates of any points
where the graph meets or crosses the coordinate
axes. Any non-exact values are to be given to 3SF.

(2) (a) Express 7 cos x — sin x in the form
R cos(x + a) where R > 0and 0 < a < 90°.

flx) =

m

(b) Find the least value of |f(x)| as a simplified
surd

(c) Express f(x) in the form P sec(x + a)

(d) Hence, sketch the graphof y = f(x) 0 < x <
360°including any asymptotes.

(3) (a) Solve the equation 2 cos x — sinx = g

0 < x < 2m, giving your answers to 3SF in radians.

(b) Hence, solve sin4y — 2 cos4y = Tl

—m <y < m, giving your answers/in exact form
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(39) Provmg
Tngonomggqc |dentItIE§/>*~

EWORKING AT D /E el \V«
‘:.‘_.?/ \-j’ FVA

7
R

@ Uging the formula book, prov that

2 Prove

(3) Show that 2224+ = 052 24

WORKING AT B/C

(1) (a) Prove that %secx sin2x = sinx

(b) Hence, solve the equation %secy sin2y = cosy
, 0<y<360°

(2) (a) Prove that cosec 24 cos 24 = cot 24

(b) Hence, solve cosec 2x cos2x =+/3,0 < x <
27, giving your answers as multiplies of .

- 2
(3) Prove that (%) =sec?2x — 1

WORKING AT A*/A

(1) Given that cos(2x + y) = 0, show that tany =
cot2x

(2) Solve the equation 2 singcosg =1 0<x<
27, giving your answers in exact form.

(3) (a) Prove that (cos 2x + sin2x)? = 1 + sin 4x

(b) Hence, or otherwise, solve the equation
(cos 2x + sin2x)? = 2 cosec4x, 0 < x < 360°
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(40) Appllc;atlons of ﬁ;{i

Trlgonomgyfgp Functlonyk
WORKING AT D/E v”’ o

wff
@ Ab’dOt is moving backwards and forwards acrossy

the f,uII length of a computer screenl The position /
_ B{cj;n) of the dot after (t) seconds ive to
- centre of the screen can be modelled%y t\‘é\ 7/quatlon

P = 10cos 20t°, Af""\e;

A ‘,»

20cm.

(b) Find out where the dot was when it first started
moving.

(c) Calculate the time when the dot was first 4cm to
the left of the centre. Give your answer to 3SF.

WORKING AT B/C

(1) Cyril is making a mini wave machine for a
science project. He places the device in a tank with
water. The tank is in the shape of a cuboid. He
positions a small rubber duck in the water and
studies the height of the duck over a period of time.
The duck’s height (H cm) relative to the central
height of the tank after (t) seconds can be modelled
by the equation

H=8sin(4t+§)+2, £>0

where all angles are measured in radians.

() Show that the initial height of the duck is 6cm
above the centre of the tank.

(b) Find the maximum possible height above the
centre of the tank the duck reaches.

(c) Find how long it takes the duck to first reach this
height giving your answer to 3SF..

(d) Given that the depth of the tank is 30cm, explain
why the duck never hits the bottom of the tank.

(e) Find the first time that the duck is at the central
height of the tank to 3SF.

WORKING AT A*/A

(1) (a) Express 5cosx + 2sinx in the form
Rsin(x + &) where R > 0 and 0 < & < 7, giving

your answer for R in exact form and « to 1 decimal.
place.

A robot is programmed to follow a path that can be
modelled by the equation

H=5 (”t)+2 (t)+4 0<t<10
= COS 12 sin 12

where H is the height of the robot relative to a fixed
point and t is the time in seconds after the robot
starts the path.

(b) Find the maximum height of the robot.

(c) Find the first time the robot reaches this
maximum height giving your answer to 3SF.

(d) Find to 2 decimal places, the time when the
robot has a height of 5 metres above the fixed point.
(e) Find to 2 decimal places, the time when the robot
has a height of 1 metre below the fixed point.
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(41) Parametrlc Equatlons

WORKING AT B/C

(1) A curve has parametric equations:
x =e?t, y=1+t, tEeR

(a) Find a cartesian equation for the curve in the
formy = f(x)

WORKING AT A*/A

(1) A curve has parametric equations:
x=2vt, y=256t3, t=>0

Find the cartesian equation in the form y = Ax™
stating the domain and the range of the function.

Evaluatl,gtg ﬁ.{ld Conver'g/ﬁgy
(b) Find the domain and range of the cartesian
L 0 R KING AT D /Egues \m‘f equation.

\-‘r.,;‘ F‘f

@ Aecurve has parametric equaﬂoﬁ%
,s‘

Ax=t—-2, y=t?

(a) énd a cartesian equation for the/ curvg?r;the
. formﬁyx} f(x) rﬂ\

e

(b) Sﬁewzth@t the domain ofiﬁ(‘xjnﬂé' 10<x<?2
(c) Show that the range of f(x)is0 < f(x) <64

—8<t<4&g

(d) Hence, sketch the graph of y = f(x)

(2) A curve has parametric equations:
x =Int, y=4-t, t>0

(a) Show that the cartesian equation for the curve is
y=4-¢*

(b) Explain why the domain of the cartesian
equation is xeR.

(c) Show that the range of the cartesian equation is
y<4

(d) Hence, sketch the graph of y = f(x)

(2) Acurve has parametric equations:

_ _ 4<t<5
T3 YT iyo

(a) Show that the cartesian equation for the curve

can be written as y = 12;1

(b) Find the domain of f(x)
(c) Hence, find the range of f(x)

(3) Acurve has parametric equations:
x =In(t - 3),

(a) Find a cartesian equation for the curve in the
formy = f(x)

(b) Find the domain and range of the cartesian
equation.

(2) Acurve has parametric equations:
y=+t, t=0
(a) Find the cartesian equation in the form y = f(x)

(b) State the domain of the cartesian equation in
exact form.

(c) State the range of the cartesian function.

(3) A curve has parametric equations:
x=t—4, y=-t3, t€ER

(a) Find a cartesian equation for the curve in the
formy = f(x)

(b) Hence, sketch the graph of y = f (x) statmg the »-
domain and the range.

A Level Maths Year 2 Pure - Steve Blades 2023-2024 © - Full worked solutions are available at www.m4ths.com




WWW.MATHS.COM

& LEVEL MATHS

(42) Trlgonometrlc

Identltles\fgir Parametric = é

Iiguatlons L ““*f\v

‘\ 4 e

WORKING AT D/EN

( /)/A circle has parametric equatlon?» (f’
o ‘< 7 "‘?

L x=cosf—1,

H.

\(’%snfg the identity cos? 6 + ‘sﬁnz‘?& 1finda

y = 51n9+4‘\y/

(b) Hence, sketch the C|rcle showmg where the
curve meets the coordinate axes.

(2) Acurve has parametric equations:

T
0<t<=

X = sect, y = 2tant, >

(a) Use a trigonometric identity to show the
cartesian equation of the curve is y? = 4(x? — 1)
(b) Explain why the range isy > 0

(3) Acircle has parametric equations:
x = 5cos6 — 2, y = 5sinf + 3,

(a) Find a cartesian equation for the circle.

(b) Write down the length of the radius of the circle.

WORKING AT B/C

(1) Acurve has parametric equations:

x =cosf + 1, y =sin 20, 0<f<m

(a) Show that the cartesian equation can be written
asy =2(x—1)/x(2—x)

(b) Find the domain and the range of the function.

(2) Acurve has parametric equations:

T
o0<t<=

X = tan®t, = —,
Y sin?t 2

(a) Find a cartesian equation for the curve in the
formy = f(x).
(b) Find the domain and the range of f(x)

(3) A curve has parametric equations:
X = cos 2t, y =sint, 0<t<?2m

Find a cartesian equation in the form x = f(y)

WORKING AT A*/A

(1) Acurve has parametric equations:

i VA
Yy = Ssin (t — g) ,
(a) Show that the cartesian equation can be written

asy =%[2\/16—x2 —V3x]

(b) Find the domain and the range of the function.

x = 4cost, 0<o<m

(2) A curve has parametric equations:

T
o<t<~—

X = cos2t,
4

y = cot2t,

(a) Find a cartesian equation for the curve in the
form y? = f(x).
(b) Find the domain and the range of f(x)

(3) A cartesian equation is given by
x+7)?2+(y—-3)?%=16

Write down the parametric equations of the C|rcle lnf""

the form x = f(t) and y = f(¢t) statlng a SUltabIe . SN

domain for t.
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(43) Sketchlng Parametric/
Curves &C@ N

EWORKING AT D/E «w"““\m
Mf-‘

(1) Ag?ﬂrve has parametric equatloﬁé

fx=2t, y=t% Lo<t<s
1§ l

-1 0 1 “3

A
/‘”
.|

2 = A
y ] A4
4 o

_§> s
\>

144 9=

(b) Hence, ;Lot the curve given by the parametric
equations: x = 2t, y = t%, —2 <t < 3 on graph or
squared paper.

(2) A curve has parametric equations:
x = 3cost, y = 2sint,
(a) Complete the table below

0<t<2m

A/zmé

0 n T 3n 21

2 2

(b) Hence, plot the curve given by the parametric
equations: x = 3cost, y = 2sint, 0 <t < 2mon
graph or squared paper.

WORKING AT B/C

(1) A curve has parametric equations:
X =cos2t, y = sint,

(a) Construct a table to find the values of x and y for

common trigonometric values of t,for 0 <t < g

(b) Hence, plot the curve given by the parametric

equations: x = cos 2t, y = sint, 0 <t <Zon

graph or squared paper.

0<t<Z
2

(2) Acurve has parametric equations:
x=1-—cost, y =1+sint,
Plot the curve on squared paper.

0<t<?2m

(3) Acurve has parametric equations:
X = %, y = 0.5t2,
Plot the curve on squared paper.

1<t<4

WORKING AT A*/A

(1) A curve has parametric equations:
x = 2sect, y = tant,

Plot the curve on squared paper showing the
coordinates in exact form where appropriate.

(2) A curve has parametric equations:

x=4+9cos2t, y=9sin2t—3, 0<t<nm

(a) Find the cartesian equation of the curve.
(b) Hence, sketch the curve.

(c) Find the length of the curve in exact form.

(3) A curve has parametric equations:
x=3cos6t, y=2sin6t, 0<t<nm

(a) Show that the curve does not form part of a
circle.

(b) Sketch the curve showing Where it meets or
crosses the coordinate axes. :
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(44) Pomts of Intersection

of Paramgtyic Curves /M é

WURKING AT D/F e \f

4
-4
W«

(1) Afurve has parametric equaﬂo”rk ko

=t—4, y=t2
(a) Jﬁhe curve crosses the y axis at A&md the \;ﬁ} e
. ?’)A\*{!v <
X (b) Hgnce find the coordinates of A Z‘,y’

—6<t<3 ;5‘

curve crosses the x axis gf de the value

of t“a%iﬁg,pomt B. e w”
(d) Hence, “fiid-the coopdm’éte’é of B.

(2) Acurve has parametric equations:

x = 3t, y = t2, —4<t<6

Given that the line with catering equation y = x +
10 meets the curve at two points

(a) Show that t2 — 3t — 10 = 0

(b) Find the two roots of the equation t? — 3t —
10 =0.

(c) Hence, find the coordinates where the line with
equation y = x + 10, meets the curve with
parametric equations x = 3t,y = t?

(3) Acircle has parametric equations:

X =cost, y = sint, 0<t<2rm

Find the coordinates of the 4 points where the circle
crosses the coordinate axes.

WORKING AT B/C

(1) Acurve has parametric equations:

x=e3t -1, =1In(t — 3), t>3
() Show that the curve doesn’t intersect the y axis.
(b) Find the coordinates of where the curve crosses
the x axis giving your answer in exact form.

(2) Acurve has parametric equations:

x=e?+4+1, y =et, tER

The line with equation y = x — 13 meets the curve
at the point A. Find the coordinates of A.

(3) Acurve has parametric equations:
x =4pt, y=pt?—

where p is a constant.

(a) Given that the point (8, —6) lies on the curve,

find the value of p.

(b) The curve crosses the x axis at A and B and the

y axis at C. Find the coordinates of A, B and C.

—-2<t<?2

WORKING AT A*/A

(1) Acurve has parametric equations:
:g, y=5+t, teER, t+a
(a) Write down the value of a.

(b) Find the coordinates of the points where the
curve crosses the coordinate axes.

(c) Explain why the line y = 6 does not meet the
curve.

(d) Show that when line with equation y = 10 + x
7437

meets the curve, t = >

(2) Acurve has parametric equations:
x = cot4t y = sint,
Find all of the points where the curve crosses the

coordinate axes giving answers to 3SF where
appropriate.

(3) A curve has parametric equations:

X =sect y = cot2t, 0<t<§

A line intersects the curve at the points where t = Z
andt =Z.
3

Find an equation of the line in cartgsi'a‘h"?o'rm. ‘
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(45) Appllc;atlons of
Parametﬂc&ﬁquatlons /fw

<

EWORKING AT D/Egueas \W«‘f

(1) wls is holding a fireworks dléfgiay She lets oﬁ‘f

a rocket. The flight of the rocket caﬁ be modelled l.;sy

thg ﬁarametrlc equations:

- x=2t,  y=3t-— OZStZQV”“‘fVZqOGg
where x is the horizontal distance and y is tl%e

B \Aga«ré‘ al distance in metres from tp"é‘@ﬁgund t is the

time m«seponds after the rocketusvlau‘nched

(a) Show ‘thatthe rocket.was'taunched from the

ground.

(b) Find how long it takes the rocket to hit the
ground.

(c) Using your answer to part (b), find the horizontal
distance from where the rocket was launched to
where it hits the floor.

(d) State one limitation of the model.

(2) Cyril has a drone. The drone is flown off a ledge
10m above the ground and Cyril guides the drone
into land on the floor. The position of the drone
relative to the ground can be modelled by the
parametric equations
t2
x = 8t, y =10 10’ t=>0

Find the horizontal distance the drone travels from
its starting point when it lands on the ground.

WORKING AT B/C

(1) A speed boat is moving around a buoy. Its
horizontal displacement x metres and vertical
displacement y metres relative to the buoy after ¢
seconds can be modelled by the parametric
equations:

x = 20cost, y = 20sint, t=0
Where t is measured in degrees.

(a) Describe the motion of the boat.

(b) How far from the buoy is the boat at all times?
(c) Show that the boat is directly north of the buoy
for the first time after approximately 1.57 seconds.

(2) Ajetskiis moving around a buoy. Its horizontal
displacement x metres and vertical displacement y
metres relative to the buoy after t seconds can be
modelled by the parametric equations:

x = 30cost, y = 20sint, t=0

Where t is measured in degrees.

(a) Show that the boat is not on a circular path.

(b) How far from the buoy is the jet-ski at the start?
(c) Show that when the jet ski is due north of the
buoy it is 20 metres away.

(d) Write down the maximum distance the jet-ski is
from the buoy at any time.

WORKING AT A*/A

(1) In a computer animation a buggy is racing
around a track in the shape of a figure of 8 as shown
below.

Its position (in cm) relative to the centre of the track
after t seconds can be modelled by the parametric
equations: x = 20cos2t, y = 10sin4t, t=0
x and y are measured in radians.

(a) Mark on diagram the starting point of the buggy
(b) Find the first time the buggy is in the centre of
the track.

(c) Find the time taken for the buggy to do one full
figure of 8.
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A LEVEL MATHS % (1) f(x) =sinx+cosx, 0<x<m (1) Find the equation of the normal to the curve
y = 4 sin x cos x at the point with x coordinate %

A
4
L

»4 (a) Show that the x coordinate of the stationary

J
(46) Diffe I’@ntlatl ng sin x ;:2 point on the curve of y = f(x) satisfies the equation giving your answer in the form ax + by = ¢
P tanx = 1.

Y . { é
and CO,S‘&AE&%QCUO”S A/ (b) Hence, find the exact coordinates of the

W 0 R K ’ G AT D/E r«{{}w \ 5 stationary point on the curve with equation
,g—ﬂ, FQ_A y = f(‘x)

@ U%lng the formula book, find Vfor each of the}y

Ao h
Q) ' Q\ ' (2) A curve has equation

(a) y =cos2x (b)y =sin4x (c) y \Z:o y3x
. Qd) 3%;} 6sin8x (€) y = sin(— 3&%\;1— 2 9‘i’n(4x)

y = e?* + 4 cos 6x, O<xs%.

Show that the x coordinate of the stationary point on
the curve satisfies the equation
(2) A curve has equation y = sin 2x — cos 4x. x = InVksin 2x

2 =2 - >
@ fx) = Sm(x) X, 0<x<3 where k is an integer to be found.

() Find an expression for f'(x) (a) Find the equation of the tangent to the curve at

The curve with equation y = f(x) has a stationary the point (% —1)

point P. )
(b) Show that the x coordinate of P is = (b) Show that the tangent to the curve at the point

(3. 2) is a horizontal I
(c) Hence, show that the coordinates of P are 4’ IS @ horizontal fine.

¢ -3

3’ 3

(3) Prove, from first principles, that the derivative of
B)g(x) =cos2x, 0<x<m sinx is cos x
(a) Doris wants to find g’ (30?). Can Doris do this?
(b) Find an expression for g’ (x) (3) Show that there are no stationary points on the
(c) Show that the gradient of the g(x) at the point curve with equation y = sin2x —3x, 0 < x < 27
Q where x = % is —2.
(d) Hence, show that the equation of the tangent at
Qisy=-2x+ g
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(47) Differentiating Q_j;;

Exponentials & Logs A
I WORKING AT D/E Y
Mf-‘

X7

@ Find & for each of the foIIowmg

iéw Vséf‘

(&) y =In4x ;.:«.(f) y 3}:—14e° 5%

(b)y =Inx

(2) Show that the equation of the tangent to the
curve y = e2* at the point where the x = 0 is
y=2x+1

(3) A curve has equation y = x — 2 In x. Show that
the coordinates of the stationary point on the curve
are (2, 2—1n4)

WORKING AT B/C

(1) Find % for each of the following:

(a)y=:—x (b)y =Inx?> (c)y =e®* —2Inx

@y=2%  @y=hl  (y=te

(2) Show that the normal to the curve with equation
y = In 4x at the point with x coordinate 2 is
y=-2x+3In2+4

(3) Find the coordinates of the stationary point on
the curve with equation y = e?* — 8x. Give your
answer in exact form.

WORKING AT A*/A

(1) The tangent to the curve with equation y = 2* at
the point (0, p) crosses the x axis at Q.

(a) Write down the value of p.

(b) Find the coordinates of the point Q in exact
form.

(2) The population of rats can be modelled by the
equation P = 300 x 0.4! where P is the number of
rats after t days.

(a) Find the value of Z—f when t = 8.

(b) Interpret your answer in the context of the
guestion

(c) State any limitations to the model.

(d) Cyril suggests a suitable domain for the function
is 0 < t < 6. Comment on his suggestion.

(3) (a) Find the coordinates of the stationary point
on the curve with equation y = ln( ) +x%, x>0
giving your answer in exact form.

(b) The normal to the curve at the point with x

coordinate 1 crosses the x axis at A and the y axis at
B. - ¥ h

Show that AB = g
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(48) Dlﬁer@ntlatlon using [
the Cham@le /M é

WORKING AT D/E§ "“*:}3”’"‘ \ 4

@ Us’e the chain rule to find an exp‘ressmn for
for eﬁch of the following. \ _
(ﬁ)fj = (x3 +4)° (b)y =cos’x (Chy = 4s&1’2x
| 7y =G 30

J’vff

=

. . d
(a) Find an expression for d—z

(b) Find the value of y when x = 1 giving your
answer in exact form.

(c) Hence, show that the equation of the tangent to
the curve at the point where x = 1 is

y = 3e3x — 2e3

(3)y =sin3x +cos3x 0 <x <~

. . d
(a) Find an expression for d—z

(b) Hence, show that any stationary points satisfy
the equation tan3x = 1

(c) Show that the stationary points have x

. 5
coordinates x = —and x = ==
12 12

WORKING AT B/C

(1) @) f(x) =In(2x%+1), x> -1

Show that the only stationary point on the curve is
(0,0)

(b) g(x) = V3T —x, —£<x<0

9x2-1
2V3x3—x

(i) Hence, find the only stationary point on the
curve. Give your answer in exact form.

(i) Show that g'(x) =

(2) A curve has equation x = y? —y
(a) Find an expression for Z—;

(b) Hence, find the value of =X wheny = 3

(3) A curve has equation y = e**, x € R.

(a) Show that the only stationary point on the curve
has coordinates (0,1)

(b) Show that the equation of the tangent to the
curve at the point with x coordinate 1 is
y=2ex—e

WORKING AT A*/A

(1) (a) Given that g(x) =Incos?x,0 < x < %
show that g’ (x) = k tan x, where k is a constant to
be found.

(b) Hence, find the coordinates of the stationary
point on the curve of y = g(x).

_ ,sin3x n
2y =em*, 0<x <2

Find the exact coordinates of any stationary points
on the curve.

(3) A curve has equation y = In(x? + 6x), x > —6
(a) Show that the equation of the tangent to the
curve at the point where x = 1 can be written as

8 8
y—;x+1n7—;

(b) Show that f(x) = In(x? + 6x), x > —6 isan
increasing function for all values of x.

(c) Find the only root of the equatlon
f(x) = 0 giving your answer in eXact form
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(49) leferentlatlon using [

the ProdagL»«Rule /M é
WORKING AT D/ Qe

‘2"‘1

@ C?rcle all of the equatlons belovﬂ where Cyril ca"fi

‘1

(a)y‘—xcosx (b)y—3xe4x 2 (;V)y—\y,r
@slgf—}sm(x)\/ —x* (e)y f%*i— 7) + 3x

(2) Using the formula book, or otherwise, find Z—z for
each of the following using the product rule:

(@y=xe*¥ (b)y=x?cosx (C)y=+xsinx

(3) A curve has equation y = 3x cos 2x, xeR
() Show that Z—z = 3cos2x — 6xsin2x

(b) Hence, show that the gradient of the tangent to
the curve at the point where x = 0 is 3.

WORKING AT B/C

1
(1) Acurve hasequationy = x(x — 1)z, x > 1

dy _ 3x-2
(a) Show that =1

1
2(x—-1)2

(b) By considering the domain, explain why there
are no stationary point on the curve.

(2)y =2+ e*sinx, _Z—HSxS

(a) Find the equation of the tangent to the curve at
the origin.

(b) Show that the stationary point on the curve
satisfies the equation tanx = —1

(c) Hence, find the exact coordinates of the
stationary point.

B)f(x)=xInx, x>0
(a) Find an expression for f'(x)

(b) Hence, show that f'(e*) = 5

WORKING AT A*/A

(1) A curve has equation y = (x)(¥xZ + 1), xeR .

(a) Find the gradient of the curve at the point where
x = /7 giving your answer in exact form.

(b) Explain why there is only one real root to the
equation.

(2) g(x) = 3e®** cos2x, 0 < x <§

Find the set of values of x such that g(x) is an
increasing function.

(3) Acurve hasequationy = e *Inx, x>0
ay _ —x(1_
(a) Show thata =e™* (x In x)

(b) By drawing two different graphs, write down the
number of stationary points on the curve with
equationy = e *Inx

(c) Find the equation of the normal to the curye at-, .
the point where x = 1 giving your answer |n the )
form ax + by = c. i N
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(50) Dlﬁer@ntlatlon using [
the QUOI;FQI:EE Rule /M é

WORKING AT D/E "“*:}3”’"‘ \ 4

‘2"‘1

@ Fér each of the following, state Whlch rule Woul;d
be used to differentiate the function.:\Write Product’y
_ B&,@uotlent (Q), Chain (C) or Nonﬁbt\these (34‘)

: 22.3;(}2{‘\) ~ sinx (b) f(x) = xe"j\ic) féfc/) — ln_x

@?@&a@x—@s ﬁ%ﬂm:e

(2) Using the formula book, or otherwise,

lnx -1
~ [Inx]?

(@) show that if y = x>1 then
(b) Hence, show that there is a stationary point when
x=eandy=e

(3) Using the formula book, find an expression for
g' (x) for each giving your answer in its simplest
form.

Inx

) g0 =5 () g(x) =

cosx e3x

@ g(x) =

sinx

WORKING AT B/C

(1) A curve has the equation y = 2l

X € R.
(a) Find a fully simplified expression for %

(b) Hence, an equation for the normal to the curve at
the point where x = 1

T<o<
4

3) f(6) =
(@) Find f'(6)

(b) Hence, show the stationary point on the curve
satisfies the equation & = tan 8

(c) Find £ (%)

(d) Hence, show that the equation of the tangent to
the curve when 6 = Zisy = 6

WORKING AT A*/A

X

(a) Show that & = X2
axX  yx-1)2

(b) Find the equation of the tangent to the curve at
the point where x = 3 giving your answer in the
form ax + by = c where a and c are integers and b
is in exact form.

(2) Find the exact coordinates of any stationary
2

X
point on the curve with equation y = Py X€R

(3)g(x)=%+ , x>0

x2+x

2x+5
x2+x

(@) Show that g(x) =

(b) Prove that there are no stationary pomts on the o

curve of y = g(x)

/a
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A LEVEL MATHS \ (1) By writing tan x in terms of sin x and cos x, use (1) (a) By writing cotx in terms of sinx and cos x,
the quotient rule to show that %tan x = sec?x find % cotx.

(51) Dlﬁer@ntlatlng other [ 4‘ (0)y = cotx, 0 <x <
TI’IQOHOM@L@C FunCtlon A ‘f Find the equation of the tangent to the curve at the

WURK|NG AT D/E v}}w’ \ 5 pointwherex:%intheformy:mx+c

‘2"‘1

@ U%e the formula book to dlffereritlate each of thé"
follgwmg 4

P .
(b) secx (c) eotx x\;’ < ‘f,

f -
() tan 2x ( )‘:\:?C lkz/ (2) (a) Show that = 6 cosec 2x

sinx cosx ) i
2)(@)x=sin2y, —<y<-
(b) Hence, find the derivative of (2) (3) Yo T <Y¥Y<j3

sinx cosx

(b) Find % in terms of y

. . . dy .
(2) Given that y = sec? x use the chain rule to show (c) Find == in terms of x

d
that 2 = sec? x tanx
dx

(sin x+cos x)?

(3) (a) Show that e

=1 + cosec 2x
(3) Use either the product or quotient rule to (3) y = e5I"*, xeR
differentiate each of the following: a (b) Hence, fmd
(a) Find d—y sin2x
X

i 2
(c) Given that g(x) = SRX*+cosv)”

d (sm x+cos x)?

a) x tan x b) 2nx c) e3* cosecx
ex

0<x<Z
6

(b) Hence, show that the tangent to the curve where

cot4x — 1 — <5 Y
(d) 3x x=0isy=x+1 show that g(x) is never stationary. 7 L |

Va

sin2x
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(52) Dlﬁerentlatlng

Parametﬂc&ﬁquatlons /fw

WORKING AT [l/E "“*:}r”’ ‘\W«

@ and an expression for —= |n terms of the Cf
parameter t for each of the followmg pairs of

(2) Acurve has parametric equations
X = —cost, y =sint, O<t<§

(a) Find an expression for ‘;—;’ in terms of t.

(b) Hence, show that the equation of the tangent to
the curve at the point where t = Zis y = x —v2

(3) Acurve has parametric equations
x=Int, y=t% t>0

(a) Show that & = 2¢2
dx

(b) Hence, find the equation of the tangent at the
point where t = 1

WORKING AT B/C

(1) Acurve has parametric equations
x=8-1t2 y=t3 teR

Find the equation of the normal to the curve at the
point where t = 4 inthe formax + by +c =0

(2) The curve C has parametric equations
x=2sint—t, y=cost+3, 0<t<=

. . dy .
(a) Find an expression for é in terms of t.

(b) Hence, find the coordinates of the stationary
point on the curve.

(3) Acurve has parametric equations
x=Int, y=t2—-8t, t >0

Show that the only stationary point on the curve has
coordinates (2In2, —16)

WORKING AT A*/A

(1) Acurve has parametric equations
x =3cos4t—4, y=sin2t+ 3, 0<t<%

() Show that % = k cosec 2t where k is a constant

to be found.

(b) Show that there is a point on the curve where the
tangent has a gradient of — %

(2) The curve C has parametric equations
x=2cos§, y=1-sin2t, 0<t<m

Point P on the curve C has coordinates (v2,1)
(a) Find the value of t at the point P.

(b) Find the equation of the tangent to the curve at
the point P in the form ax + by = ¢

(3) Acurve has parametric equations
x = 4t?, y =t?—8t, teR

(a) Find an equation for the tangent to the curve at
the point where t = 0.5 =

(b) Prove that this is the only point, the' WheTe the
tangent meets the curve. o

A Level Maths Year 2 Pure - Steve Blades 2023-2024 © - Full worked solutions are available at www.m4ths.com




WWW.MATHS.COM

& LEVEL MATHS

(53) Impllclt
Diffe reny@ugn

WORKING AT D/Egueca

.,;‘

(1) (aE) Given that y + 2x — 3y? = %3 + 8, show
tha gly = :

%

3x%-2

1-6 Q\ ;
- Y ;}’) \"1‘9’ T (:;'g
(b) leen that siny + cosx = x — 3y, shothat
. dy nj—smx Ve

dx@; 34

3
(2) Find Z—z given that y? + % = x + 2y giving your
answer in terms of x and y.

(3) Find % giventhatIny — e?* — x = 4y giving
your answer in terms of x and y.

WORKING AT B/C

(1) (a) Given that x? — 2xy = y3, show that
dy _ 2(x-y)
ax (By2+2x)’ x<0,y<0

(b) Hence, show that any stationary points on the
curve satisfy the equation y = x

(c) Using your answer to part (b), show that there is
a stationary point when x = —1

2 Flnd When cosx — 3sin2y = 0.5 giving
your answer in terms of x and y

(3) (@ Fmd When +x=6

ence, show that the equation of the tangent to

b) H how that th t f the t tt
2

the curve with equation x; + x = 6, where x > 0,

y > 0 atthe point (2,1)isy = %x —%

WORKING AT A*/A

(1) 2cosx —tany =1, 0Sx<§, 0<y<§

(a) Find % in terms of x and y.

(b) Hence, find the equation of the tangent at the
m T

i (£,5)

(c) Find the coordinates of the stationary point on
the curve.

(2) A curve has equation xe®” — 16x =y + 1,
x>0,y>0

(a) Show, that if the curve is stationary, the y
coordinate of the stationary point is In 2

(b) Hence, show there are no stationary points on the
curve.

(3) Find a simplified expression for Z—z given that
sin(x +y) =0
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(54) Using'the 2
Derivati)fjg, g}

(2) g(x) = 8x + 4x? xeR

By considering g"’ (x), show that the curve is
convex for all values of x.

(3) f(x) = e*, xeR
(a) Sketch the graph of y = f(x)

(b) Prove that the curve is convex for all values of x

WORKING AT B/C

(1) f(x)=lnx+3x2%, x>1
(2) Show that £ (x) = 6 — =

(b) By considering the domain of f(x), explain why
the function is convex for all values x.

(2) g(x) = 2x — e3%, xeR
(@) Find g'(x)
(b) Find g" (%)

(c) State whether g(x) is concave or convex for all
values of x giving a justification for your answer.

(3) f(x) = x3 —2x% —11x + 12, xeR
(@) Show that f(1) =0

(b) Use polynomial division to express f(x) in the
form f(x) = (x+a)(x + b)(x +¢)

(c) Hence, sketch the graph of y = f(x)

(d) Show that the graph is convex when x > g and

2
concave when x < 3

WORKING AT A*/A

(1) f(x) = (cosx +sinx)?, 0<x<m

Use calculus to show that the function is concave
Wheng <x<m

(2)g(x)=3x+§,x¢0

Find the values of x for which the curve of
y = g(x) is concave.
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(55) Rates of Change
(Dlﬁeren{@t«gon)

(2) Giventhat y = e* + sinx and that % = -1,

show that% = —2whenx = 0.

(3) Given that A = 7 + 4mr and = = 6, find the

value of % when r = 1 giving your answer to 3 SF.

WORKING AT B/C

(1) A sphere with radius r has volume ,V = %nr?’

The volume of the sphere is increasing at a constant
rate of 16cm3s1

Find the rate of change of the radius when the radius
is 2cm.

(2) Acurve has equation y = f(x), x > 0. The
gradient of the curve at any point on the curve is
proportional to xy.

Point P on the curve has coordinates (3, —4) and the

gradient at P is %

Show that ay _ _xy
dx

(3) Acircle has area A, circumference C and radius
r. The area of the circle is increasing at a constant
rate of 6cm?s™1

(a) Find a formula for A in terms of r.
(b) Find a formula for C in terms of r.

(c) Show that the rate of change of the

circumference when the radius is 4cm is 1.5cms ™1

WORKING AT A*/A

(1) A solid ice shaped cylinder with height 10cm

and base radius r is melting at a constant rate of

1cm3s™1

Show that an expression for the rate at which the

surface area of the ice shaped cylinder is decreasing
. 5+r

can be written as =

(2) A solid cube has volume V' and surface area A.
After t seconds the volume of a solid cube is
increasing at the rate of 8cm3s~1.

Show the rate at which the area increases satisfies
the differential equation A%> ( ) =326
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L.
(56) Numerical Methods
Locating‘Roots

BWORKING AT D/ guecam \mnf

(1) £G0) = x(x + D(x - 3), x €R ko

The dlagram below shows part of the curve with );?

equélon y = f(x) N /

/

(_130)

(a) Write down the roots of the equation.

(b) Find the value of (i) £(2.9) (ii) f(3.1)

(c) Explain how your answers in part (b) confirm
that there is root in the interval (2.9, 3.1)

2 gx)=In(x—5), x>5
(a) Find the value of (i) £(5.9) (ii) f(6.1)
(b) What does your answer to part (b) tell you?

(3) Doris wants to locate a root of the equation
h(x) = i She finds the value of h(—0.1) and
h(0.1). Comment on her method.

WORKING AT B/C

(1) The diagram below shows part of the curve with

equationy = f(x)
00)

Cyril flnds the value of f(—1.1) and f£(0.1). He
deduces that there is not root in the interval
-11<x<0.1

(a) Why do you think he made this deduction?
(b) Comment on his findings.

(—20)

(2) The diagram below shows part of the curve with
equationy = x3 +3x2 —x — 1

/ N

Show that there is a root of the equation in the
interval [0.5,0.75]

(3) (a) Sketch the graphsof y = xand y =
cosx,—2m < x < 2w on the same set of axes.

(b) Using your sketch, write down the number of
roots to the equation x = cos x

(c) Show that there is a root is in the interval
(0.7,0.8)

WORKING AT A*/A

(1) fCx) =e?

(a) Show there is a stationary point in the interval
[0.28,0.29]

—Inx, x>0

(b) Hence, determine the nature of the stationary
point.

(c) The x coordinate of the stationary point is «a.
Show that « = 0.284 correct to 3 decimal places.

(2) (@) On the same set of axes, sketch the graphs of
y=sinxandy =e*,0<x<m

(b) Using your answer to part (a) state the number of
roots to the equation e* = cosec x

(c) Show that a root to the equation
e* = cosecx lies in the interval 0.5 < x < 0.6

3) f(x) =e* +tanx, _7” <x< %
(@) f(x) has aroot a. Show that —0.6 < a < —0.5

(b) Cyril wants to find more roots to the equation
outside the original domain. He finds that f(1.5) is

positive and f(1.6) is negative. He says: theTe must

be a root in this interval. Explain he Wrong:.
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(57) Numerical Methods
lteration to- Locate Roots /

A i «d\ < ("/

. >~ \
»{.@—x —4x+1, xeR ./

~2"‘v
@) SF'gow that there is aroot a to f (qx) in the mtervai

3. 7,g3 8] \

o
(,{

p B bﬁl.\{smg the iterative formula xn+1§;,[4% 5

[ xo =4, to find the value of x;, x, and x3 gu{,mg
N zoupﬁ&nswers to 5 decimal places. w\ v
(c‘ﬁfSta;@the suitability of the |tgra1|v@formula for
locating @z, 5
(d) Prove that a = ~ 3.732 correct to 3 decimal
places.

(e) Doris decides to use the use the iterative formula

2
Xpe1 = an+1 to locate the other root of the f(x).
Taking x, = 1, show that the other root 8 = 0.2679

(2) f(x) = x5+ 5x? — 3, xeR

(a) Show that there is a root « to the equation x° +
5x2 —3 =0 intheinterval 0.7 < x < 0.8

3—-x5

(b) Show that f(x) = 0 can be written as x = -

(c) Taking x, = 0.5, use the iterative formula

— 5
Xpe1 = /3 =" to find the values of x,, x; and x;
giving your answers to 5 decimal places.

(d) Prove that & = 0.744 correct to 3dp.

? e R }L?L:v"“",
fi o

2O

WORKING AT B/C

(1) f(x) =x—sin2x, x ER

(a) Show that there is a root « to f(x) in the interval
[0.9,1.0]

f(x) = 0 can be written as either:

(I) x = smz‘
(b) Explain why using the iterative formula

sinTlx, . ,
S with x, = 0.8 doesn’t locate a.

(if) x = sin2x

Xn+1 =
(c) Using the iterative formula x,,; = sin2x,
with x, = 0.8, find the values of x;, x, and x;
giving your answers to 5 decimal places.

(d) Prove that « = 0.9477 correct to 4 S.F.

(2) f(x) = 2x% — 2x + e>*, xeR

(@) Find f'(x)

f(x) has a stationary point 3.

(b) Use your answer to part (a) to show that the x
coordinate of 8 is in the interval (—0.2,—0.1)

(c) Use the iterative formula x,,.; = 0.2In (—Z_f:x”)

with x, = —0.1 to find the values of

X1, X2, X3, X4, X5 and x¢ giving your answers to 5
decimal places.

(d) Prove that the stationary point on the curve with
equation y = f(x) has x coordinate —0.135 correct
to3S.F

(e) Explain why the iterative formula
5xn
Xpg1 = 2= 5: ,Xg = —0.1 doesn’t locate the x

coordinate of

WORKING AT A*/A

(1) (@) On the same set of axes, sketch the graphs of
y=1—-In(x+1), x>—-1landy=x, x€ER

(b) Explain why there is one root to the equation
x=1-In(x+1)

The function f(x) =In(x + 1) +x—-1, x > -1
(c) Show that there is a root « to f(x) in the interval
[0.5,0.6]

(d) Using the iterative formula

—In(x, + 1), xo =0.5

find the values of x;, x,, x3, x4, x5 and x¢ giving
your answers to 5 decimal places.

(e) Using your answer to part (d) explain why the
iterations found in part (c) create a cobweb diagram.

Xn1 =1

(2) (@) On the same set of axes, sketch the graphs of
y=e**—-3andy =x

fx)=e* -3 —x, x€R

(b) Using your answer to part (a), explain why there
is a root to the equation f(x) forx > 0

(c) Show that the root 0.2 < a < 0.3

(d) Show that the equation f(x) = 0 can be written
ase?* -3 =x

(e) Doris uses the iterative formula x,,,; = e**n —
3, xo = 0.3 to try and locate a. Find the values of
X1, %5, X3 and x, giving your answers to 5 decimal
places.

(f) With the aid of a diagram, comment on the I|kely
success of Doris’ attempt. 5
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(58) Numerlcal Methods M
Newton Rappson I\/Iethgpl”

WORKING Y VAT \m
Mf-‘

N
\®|

b

(1)]‘@)—6 —x—6, xeR
A root to the equation is «
(a)ﬁnowthat —6.0<a<-59
Partof the graph of y = f(x) is shoyvﬁ‘belyw ‘f

N .

(b) Mark a on the diagram

(c) Find an expression for f'(x)

(d) The Newton-Raphson formula is given in the
formula book. Using x, = —5.5 as an initial
approximation for a, use the Newton-Raphson
method to find x;, x; , x3 and x,, giving each
approximation to 6 dp.

(e) Show that @« = —5.9975 correct to 4 decimal
places.

(f) B is the only other root of f(x). Explain why
B > 0.

(9) Mark on the diagram where f'(x) = 0

WORKING AT B/C

(1) g(x) = cos(x) —x, xeR where x is measured
in radians.
Part of the graph of y = g(x) is shown below

.

(a) Mark any point on the diagram where it would
not be appropriate to use the Newton-Raphson
method to locate a root to the equation.

(b) Show that a root, a, of the equation g(x) = 0 is
such that 0.7 < a < 0.8

(c) Using x, = 0.85 as an initial approximation for
B, use the Newton-Raphson method to find x;,

X5, x3 and x,, giving each approximation to 4 dp.
(d) Show that « = 0.739 to 3 SF.

(e) By considering the range of cos(x) explain why
there are no more roots of g(x)

(f) Explain why there are more stationary points on
the curve y = g(x)

WORKING AT A*/A

(1) f(x) =3x2—4x—1n2x, x>0
Part of the curve of y = f(x) is shown in the
diagram below.

The two roots to the equation are « and  where
B> a.

(@) Showthat 0.2 < @ < 0.3

(b) Showthat 1.5 < 8 < 1.6

(c) The curve has a stationary point in the interval
y < x < 8. Write down possible values of y and §.
(d) Show that f(x) is stationary in the interval
08<x<09

(e) Cyril wants to find the root S to 3 decimal
places. He decides to use the Newton-Raphson
method to locate the root. He takes x, = 0.9.
Comment on his approach.

(f) Using x, = 1.3 as an initial approximation for g,
use the Newton-Raphson method to find x4, x;, , x3
and x,, giving each approximation to 4 dp.

(g) State a suitable starting value for x, to find an
approximation for finding a using the Newton- o
Raphson method,

(h) Explain what the formula x,,; = xn 2

could be used for.
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(59) Appllc;atlons of
Numerlca Methods

WURKING AT D/E "{W’"‘

4/&

\rv’ “\4‘:

@ 'I’h%/ flight of a bird is modelle(TCBy the equatlonv“f
y = 4sin(0.4t) + e8¢ where y is the heightin 7
meuﬁss above sea leave of the bird atgqme t sec (ﬁr)ds

teriit takes off. ;}’)A\*{!v <
X Apprgmmately 40 seconds of the bird’s ﬂlg’h’t IS
‘modélted in the graph below. /™.~

/\,,J

20

(2) Using the graph, estimate when the bird was first
below sea level

(b) Prove this time was in the interval 9.2 <t < 9.3
(c) Show that the bird returns to a height above sea
level in the interval 13.6 <t < 13.7

(d) Hence, estimate the length of time the bird was
above sea leave in the first 40 seconds of its flight.

WORKING AT B/C

(1) The amount of a drug in a patient’s body after it
is first administered can be modelled by the
equation N = 8 —+/t + e =201 where N is the
amount of the drug (in mg) and t is the number of
hours after the drug is first given.

(a) Show that the initial dose of the drug was 9mg.

The diagram below shows the graph of the model
for the first hours.

10

Doris wants to find out an approximation of how
long it took before only 5mg of the drug remained in
the patient’s body.

(b) Show that Doris can use the equation

0 = —/t + e~ %01t + 3 to find an approximation for
this time.

(c) Show that the time taken for there to be 5mg was
between 14 hours and 54 minutes and 15 hours.

(d) Taking t, = 15 use the iterative formula

ther = (€700l + 3)2 find ¢4, t, and t5 to 4 dp.

(e) Hence explain why the time taken was closer to
14 hours and 54 minutes than 15 hours.

20

WORKING AT A*/A

(1) A girl jumps from a diving board into a
swimming pool. The height (H) of a girl above a
swimming pool (t) seconds after she jumps can be
modelled by the equation H = 10 — t — 2t where H
is measured in metres.

(a) State the height above the water from which she
jumps.

(b) Show that the girl hits the water between 2.5 and
3 seconds.

(c) Using 3.1 seconds as an initial approximation for
the time the girl hits the water, use the Newton-
Raphson method to find 4 further approximations
for the time it takes to hit the water giving each
approximation to 4 dp.

(d) Sketch the graph of H against t

(e) State one limitation of the model.
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A LEVEL MATHS :3 4xx :2 (1) Evaluate [ sec6 (sec 6 — sin 6) d6 giving your

o answer in the form In Ae where A is a simplified

(60) Integratlng Standard [ ) Hence find [ £ dx surd.
3 Functloqgglzogs and Tn/gw (<) Simplify sin.x (1 + cot x)

| AWORKING AT D/Egsall \ (d) Hence, find f sinx (1 + cotx)dx
4 “q; ,',,4\
‘:Y.,‘_?/

R—
(0 bt

@ UE(e the formula book to find the following 7

mtegrals l—
\%’”‘3’ >7(a) ﬂsec x dx (b) fsec;)’c taﬁ‘xydfg
\(C) J é’gsec x dx (@ f Eosec xg et d (2) (a) Find [ % - sinlz dx (2) Show that [ 12 =2 iy = Aln B + % where

A, B, C and D are rational constants to be found.

{
{
5>

n__ﬂ,_(‘!in’
.. . sinx
(2) Considering the derivatives of sinx, cos x, In x (ii) Hence, find [ Colszx d
and e* find the following integrals:

(@) [ cosxdx (b) [sinx dx

(c) 2 dx (d) [ e3* dx _ N _
(3) Find the value of each giving your answers in
exact form where appropriate. You must show full
workings :

(3) Show that

T

(3) Using the formula book and the results above, (@) fozx —sec?x dx

find each integral below: J# cosecx (cosx + sinx)?dx = 2 — /3 +Inv3
(b) f -—e¥+x dx 3

@ [ tanx—§+ex dx

T

¢) [#sinx — cosec? x dx
(c) J=

(b) [ —2 cosec? x — sinx dx i

(c) [4sec?x —e* —x dx (d) f6 8-3x

(d) f cot2x —x™% — cosx dx
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A LEVEL MATHS (1) Find [3 sec? 2x dx showing full workings. (1) (a) Show that

|9 (cosecx + tanx)? = cosec? x + 2secx + sec’x — 1

(61) Integ ratlng Functions “j; .

b) Hence find [;#(cosec x + tan x)2dx giving your
giving y

of the fom\j(ax + b) /f—k %

answer in exact form.
EWORKING AT D/E "“*:?’” \ 4

@ F?nd each of the following by u§|ng the formuﬁ (2) Find each of the following integrals:

book:
Q\ 4x+2
. (A) ﬁZ sec2xtan2xdx (b) ftan%x dx(*”‘? ‘f, @ f2x2+2x

\(,Cgﬁ% cosec? 2x dx (C)f8co’ﬁg4;c{:ot4x dx
L (c) [e?x*3 —z dx

j

(b) [ e3* + cosec? 4x dx
(2) Evaluate f

the form lng where va and b are in their simplest

form.

N 2+ ——dx giving your answer in

‘{
“__“!_1"'!1 IS

(d) [ 4x + sin(2 — x) dx

(2) Show each of the following results. You must
show your full method:

(a) J, e2*dx = (e? — 1)

(b) fogcos (Zx — %) dx = %

(3) Evaluate each of the following. You must show

5
© Jfy ——dx =1In? full workings and give answers in exact form:

4
2x+3 (3) Given that [ %dx = % where p is a positive

2
@ dx .
f1 x2+3x constant, find the value of p.

(b) [8 —2sin4x dx

(3) Show each of the following results: fo
2 l 4x+1

(8 ['Gx + D2dx = 7 ©J; 5e™ dx

(b) fn —2 cosec 2x cot 2x dx —%_—2
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4

(62) Integratlng using
Tngonomggs;p Identltles

WORKING AT D/E g \m
Mf-‘

\.

@ (ai) Write tan? x in terms of sec X

(b),ﬁence using the formula book, ghqw that
= ?’)A‘\?‘? "‘? (:;'g

(2) (a) Using the formula book, show that cos(2x)
can be written as cos? x — sin® x

(b) Hence, show that cos(2x) = 1 — 2sin?x

(c) Using your answer to part (b), show that
[ sin? x dx = %x —%sian +c

(3) (a) Using the formula book, write sin 2x in terms
of cos x and sin x

(b) Hence, find [ sin x cos x dx

§i
M

WORKING AT B/C

(1) (a) Prove that (cos x + sinx)? = 1 + sin 2x

(b) Hence, find [¢(cos x + sinx)? giving your
answer in exact form.

(2) (a) Write cot? x in terms of cosec? x

b) Hence, find [ 3 cot? x dx
(

(3) (a) Show that (cos x + tan x)? can be written as:

(i) cos?x + 2 sinx + tan? x
(ii) %cos 2x + 2sinx + sec? x —%

(b) Using your answer to part (ii), find
f(cosx + tanx)? dx

WORKING AT A*/A

(1) Show that:

i
2 1
fg (1 — sin 2x)? =E(3n+2—8\/§)

(2) Evaluate fon (4 singcosg) + (2 coszg— 1) do

(3) (a) Show that MOSS:C% = cotx + sinx

(b) Hence, find fn sts% dx giving your

answer in the form a+lIlnb
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A LEVEL MATHS (1) (a) Using the formula book, write down %secx. (1) Find [ cot 2x cosec® 2x dx

(63) Integratlon by _% (b) Henc, find [ tan x sec® x dx
InspecthmZ\Reverse Chg}mw

Ruley” A

¥
Mf-‘

\.

WORKING AT D/EN 7

(;:)/ﬁmd the integral of each of the f(ﬁ‘k;)wmg f
¥ insp ct1 T

) @Qfd%} dx

@ J 351?1?@(@0595 + 1)*;’de (e) f8 sin2x dx (2) Evaluate f01 2x(2x% — 3)5 dx showing each step
of your workings.

-1 e2+1
lex—n >

(2) Show that f

(2) Explain why [(cos x) sin® x dx = ~sin®x + ¢
6

(3) Show that fEZ cosec? x cot3 x dx = 2
6

z : 3 —
(3) Show each of the following: (3) Show that [ —sin x cos® x dx = —0.25

24-x1

@ f7 22 dx =In6

(b) f03 4xe* dx = 2e% — 2
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L.
(64) Integration by
Substitution,

QWORKING AT D/ E e

(1) (@)‘*’leen that u = 3x + 2, flnaljan expression fgf‘
— |n terms of x. \ i

‘%smg your answer to part (a) sh@g that sz’
7
2 dx can be written asf e*/du \gy

" ec‘)aFMtM e* du in terms of w. A ‘\ — /
(d) Hehce” jmd f e3x+2 dx m«t@;:mé’ ofx

(2) (a) Using the substitution u = sin x show that
[ 2 cos x eS™* dx can be written as [ 2e* du

(b) Use your answer to part (a) to find
[ 2 cosx eS™* dx in terms of x

(3) (a) Using the substitution u = x — 6, show that
1
[ xVx — 6 dx can be written as [ (u + 6)uz du

(b) Hence, show that

2 5 3
'[x\/x—6 dx=§(x—6)§+4(x—6)§+c

WORKING AT B/C

(1) (a) Using the substitution u = sin x , show that
Jcosxsin” x dx = %singx +c
(b) Using the substitution u = 4x — 3 show that

7 4
[16xVax —3dx =2 (4x —3)7 + 2 (4x — 3)3 + ¢

(2) Using thew substation u = tan x, show that

Jo sec?xe™" ¥ dx=e—1

(3) Using the substitution u = 1 + sin 2x, show that
J-OZ c0?2x dx = ln\/i

1+sin2x

WORKING AT A*/A

(1) Prove that rdx = arcsinx + ¢

(1-x?)2

(2) Use the substitution u3 = 6x + 1 to show that

fgvﬁ = (x—1D(6x+1)3+c

(3) Use the substitution u? = e* + 1 to find

fln3 e” -d ng your answer in the form a +
) x giving your answer i a

Inb
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A LEVEL MATHS (1) (a) Show that [, x?Inx dx = 3 (2% + 1) (1) Show that foleQZdezi;l
(65) Integratlon by Parts [t (b)Showthat fixsinxdx =1

WORKING AT D/E

,-:i b J

(‘Tﬁ@sé’}he formula book and EATE;EH’show t'Fra; ¥,
Q{

‘2"‘1

(a)f lnxdx ——x lnx—f xd‘{x
(2) Evaluate flze Vx In 2x dx giving your answer in

exact form.
(2) Use the formula book to find [ 2x sec? x dx

(2) Use integration by parts to show that

fxexdx =xe*—e*+c¢

(3) Find each of the following. Give each answer in

exact form showing full workings: (3) Show that [ e* sinx dx = % (sinx —cosx) +c¢
(3) Use the formula book to show each of the

2
following integrals: (8) f, xe*dx

(@) [ xcosx dx = xsinx + cosx + ¢ (b)fEZxcosxdx

x X _re*
(b) fe¥Inxdx =eXInx— [—dx+c
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L. :
(66) Integration using
Partial &Igggaggpns

WURKIG AT D/ g

‘#"‘v
@ (aE) Using partial fractions, showﬁ that
5 1
ﬂ‘-“’Jr— can be written as —
) mfé)(u ) 1+x

\(vt{)()ﬁl;leaqce show that [ (1+x)(2-kx3 dx can be

wrlfteﬂi as»the sum of natural Legaﬁlilfms

“d\ Lro, . 14‘,

(2) (@ Express —1 in the form +

—x)(6+x) (1 x)  (6+x)

(b) Hence, using integration and the laws of
logarithms, show that

x+13 I |6 + x|
f(l—x)(6+x) Nt

WORKING AT B/C

(1) Doris wants to express (14220 (142)2

fractions. She writes

-1 A B
A+200+02 (1420 A+27°

(a) Explain the error that she has made.

(b) Show, using partial fractions that

-1 2 1 4

in partial

(14+2x)(1+x)2 ~ (1+x)  (1+x)2  (1+2x)

(c) Hence, show that

-1 1+x \?
[————dx = n( ) - —
(1+2x)(1+x)? 1+2x 1+x

(2) (a) Factorise 1 — 16x2

in partial fractions

0.1/ 5+4x _ Vi4
(c) Show that f, (1—16x2) dx =In (‘Vm)

5+4
(b) Hence, express ———
1-16x

WORKING AT A*/A

2
can be written in the

11+4x—2x
(1) (a) Show that

form

(b) Hence, show that

2 11+4x-2x2
Js —o 2 dx=p+Ingwherepandgqare

rational constants to be found.
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(67) Integratlon to Find
Areas /&W

wonxls AT D/ED

"M

2”;1

~(b) erte down the coordinates of th%“ pﬁ‘@s ﬂﬁg dB

X wherethe graph crosses the x aX|s A od

b"

Sstef}FMegratlon to show thattfﬁe area trapped
between {henu;,ve and thega*axﬁ between the points
A and B is 2 units

(2) The diagram below shows part of the curve with
equation y = xl? and the line with the equation
x=2.

\

The region R is the shaded region enclosed the
curve, the line and the positive x and y axis.

Show that the area of R is In A where A is an integer
to be found.

(1) (aE) Sketch the graph of y = cosq(x) for0 <x %’3"

WORKING AT B/C

(1) The diagram below shows part of the curve with
equation y = sin(x) and part of the line with
equation y = 0.5

y = sin(x) \

The shaded region R is the area enclosed between
the line and the curve.

Show that the area of R is V3 — g

(2) The diagram below shows part of the graphs of
y =—cosx +secxandy = sinx.

V= —CcOosx t+secx

R y=sinx

O

The graphs intersect at the point A
(a) Find the coordinates of A

(b) Using the formula book, find the area of the
region R. Give your answer in exact form.

WORKING AT A*/A

(1) (a) On the same set of axes sketch the graphs of
y=cos(2x)andy = —sin(x) for -t <x<m
(b) The graphs of y = cos (2x) and y = — sin(x)
intersect at the point A and B in the interval —

x < m. Find the x coordinates of the A and B giving
your answers in exact form.

(c) Show that the area trapped between the two
curves between A and B can be written in the form

pV3 + q where p and q are rational fractions.

(2) The curve C has parametric equations:
x =et*l y=1t%—4, t ER

The curve crosses the x axis at A and B. Find the
exact area trapped between the curve and the
positive x axis between A and B.

(3) The diagram below shows part of the curves with
equations y = k cos(x) and y = sec(x).

/ 0 \

Given that the curves intersect at the. pomt W|th
coordmates( ) show that exact area of the;. e

region R is 4v3 —In(2 + \/_) :1,:
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(68) Integratlon using the “j;
e

Trapezu,gm ﬁule
WORKING AT D/ e 4

~2"‘v
@ Tﬁe dlagram below shows part c§f the curve Wltlﬁt"

equglon y= 1 + cos(x) where x i$.measured in/

x2 4
radl\gﬂs The diagram also shows the;hnes“‘f ﬁnd
1}(‘)‘\The region R is the area bet een the curve,
e§\x =1,x = 2and the p9§|t Ve axis.

(‘ .,’»'

A, )a
“d\ ti»h

N\

a

(a) Complete the table below for y = % + cos(x)
x2

giving each answer to 4 significant figures.

x 1 1.25 1.5 1.75

y

(b) Use the trapezium rule with 4 equal strips to
estimate the area of the region R to 4 S.F

(c) Explain how you could find a more accurate
value to your answer in part (b)

WORKING AT B/C

(1) The diagram below shows part of the curve with
equation y = (1 + tan(x))? where x is measured in
radians. The diagram also shows the line x = % .The
region R is the area between the curve, the line x =
g, the positive x axis and the positive y axis.

y=(1+ tal_l.\')‘2

/ '
0

(a) Complete the table for y = (1 + tan(x))? giving
each answer to 4 significant figures where

appropriate.

WORKING AT A*/A

(1) The diagram below shows part of the curve with
. -9

equatlon y = m

The diagram also shows the lines x = 1 and x = 4

The region R is the area between the curve, the lines

x = 1,x = 4 and the positive x axis.

o

=9
x03(x—9)
giving each answer to 4 significant figures.

(a) Complete the table below for y =

x 1 1.75 2.5 3.25

X 0

i
6

i
12 4

y

y

(b) Use the trapezium rule with 4 equal strips to
estimate the area of the region R

(c) Explain why the estimation in part (a) is an
overestimate.

(d) Show that (1 + tan(x))? = 2 tan(x) + sec?(x)
(e) Hence, use integration to show the exact area of
RisV3+In4

(f) Find the % error in your answer to part (b)

(b) Use the trapezium rule with 4 equal strips to
estimate the area of the region R.

(c) Use the substitution u = x%° to find the exact

value of f ?9) dx

(d) Find the % error in your answer to part (b).
(e) Without any further calculations, explain o
whether the trapezium rule would glve an

overestimate or underestimate for Y=

the same interval.
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(69) Solvig‘g Differential o
Equations »,

(/gfl_qé
IWORKING AT D/ guensuue
Sy-,‘..i(/

e
Y k’f
[

@ F?ﬁd a general solution to each \("iifferentlal

equaet'ion:
(b) & = <=2 (%‘5%*’ fz x

dx siny

(2) Give thatwhenx = 1,y = %show that the
particular solution to the differential equation

d . _ )
xd—z = secy can be written as x = esn(»)~1

(3) Find the particular solution to the differential
equation = y2e2* given the equation satisfies the

boundary condltlons y =1atx = 0. Give your
answer in the form y = f(x)

WORKING AT B/C

(1) (a) Express in partial fractions.

W

(b) Hence, find a general solution to the differential

equation (1 + x)(3 — x)z_i/ 2(7 x)
= f(x)

in the form

(2) The differential equation cos?(x) % =y has
boundary condition y = 1 atx = 7.

Show that the origin (0,7) also satisfies the
equation.

(3) A differential equation is such that % =

On the same set of axes, draw 3 different particular
solutions to the differential equation.

WORKING AT A*/A

(1) Show that the particular solution to the
differential equation e¥™* Z—z = —x with boundary

conditions y = 0 at x = 0 can be written as
y=x+In(1-x)

(2) Find a general solution to the differential
equation % = (In x)cosec?(y)

(3) Given that one particular solution to the
differential equation % = 3%e~3Y passes through
the origin, prove that In3(e3Y — 1) + 3 = 3**1
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(70) The Appllcatlons of jj‘iz
leferenmggquatlons /M

WORKING AT D/Eguecm

\rv "\A{
W “Y

@ Tﬁe rate at which the number of‘rats ina colon)t‘
is mereasmg can be modelled by the.differential

d _
&f aglon — = 0.1N where N is the gxﬁﬁb%g,gfqﬁs

: (mthgusands) and t is the time in anlys :7’

(é‘ﬁishow that the general solutLofi to t differential

(b) Given that there were |n|t|aIIy 6000 rats, write
down the value of A.

(c) Find the population of the rats after a week.

(d) Sketch the graph of the population of the rats
over time.

(e) State a limitation of the model.

WORKING AT B/C

(1) The rate at which a mould patch is shrinking in a
shower is proportional the amount already present.

(a) Show that the amount of mould in the shower
satisfies the equation M = Ae*t where M is the
mass of the mould, t is the time in days and A and k
are constants.

(b) Given that there was initially 40g of mould and
that after 20 days there was 8g of mould, find the
value of 4 and k. Give the value of k to 3 significant
figures.

(c) Find when the mass of the mould will fall below
2g.

(d) Sketch the graph of the mass of the mould over
time.

WORKING AT A*/A

(1) Juice is being poured into a cooler at a steady
rate of 20cm3s~1. The cooler is leaking at a rate of
one tenth of the current volume (V) of juice in the
cooler .

() Show that V satisfies the equation
V =200+ Ae™ 01t
Where A4 is a constant and t is the time in seconds.

(b) Given that the initial volume in the cooler is
280cm3, find the time taken for volume to reach
250cm3

(c) Doris needs to ensure she always has enough in
the cooler for one glass of juice. Given the glass
holds 180ml, explain why Doris will always have
enough juice in the container for at least one glass.
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(71) 3D Coordinates
WORKING AT D/E

,u:i A 4{

(‘Tj@hé@ﬂhat the distance from‘*tﬁé origin to th‘\h,,‘\
poml@?( 2,7,5)is/78 Aol Y

(2) Find the distance between the points
P(—4,7,—2) and Q(3,5,0)

(3) Find the coordinates of any point that is a
distance of 8 units from O

WORKING AT B/C

(1) The distance PQ = v105. Given that P(—3,2,0)
and Q(1, —6, q) find the possible values of g.

(2) Find the coordinates of the point on the positive
z axis that is a distance of 5+/5 from the point
P(10,3,1)

WORKING AT A*/A

(1) In the square ABCD, A(—1,4,7) and C(9,10,—1)
Find the perimeter of ABCD.

(2) Points P(4,0,0),Q(0,4,0) and R(0,0,7) form an
equilateral triangle.

(a) Write down the possible values of

(b) Find the exact area of the triangle PQR.

(3) Point P(—p, —p, —p) where p is a positive
constant is 3+/3 from 0. Find p.
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(72) Vectors in 3D
WORKING AT D/E

N
~) PoLnLA{AL —2,6) gy S a{
(a){hqgf"the position vector 04 uSmg’U k notatiof¥
.

(b) Find the posmon vector 04 as a‘column vectorf

(2) Point A(1,0,—12) and B(3,—2,8)

(a) Find the position vector 04 using i j k notation.
(b) Find the position vector OB using i j k notation.
(c) Find the direction vector AB using i j k notation.
(d) Find |4B]|

(3) 04 = 2i+5j-kand OB = 3i-2j +7k

Find [AB]|

WORKING AT B/C

(1) 04 = 3i +j-2kand OB = i-5j +5k

() Find |4B]|

(b) Hence find the perimeter of triangle OAB in
exact form.

WORKING AT A*/A

5
(1) The point 4 is such that 04 = (3)
2

Find the perpendicular distance of A from the
positive x axis.

3
(2) (a) Find the angle the vector a = (—1) makes

5
with each of the coordinate axes.

(b) Find a unit vector in the direction of a

(2) The vectors 04 and OB are perpendicular.
04 = 4i+j+2kand OB = 2j-k

) Find the exact value of cos(0AB).
(3) Points P(3,2,—4),Q(1,4,3) and R(—1, —5,4)

(a) Find the exact value of cos(PQR)

(b) Hence, show that the value of
sin(PQR) =0.994989 correct to 6SF.
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A LEVEL MATHS % (1) ABCD is a trapezium. . -1 . 2 . 6
| B . ) (1)0A=<2>, 03:(—3>,oc=<7>
i - O0A=2i-j+4 4 1 8

(73) VeCtO}EeﬁGeometry 0B = —3i + 2j-k Explain why 0 < cos(ABC) < 1

WORKING AT D/E A s

(‘I’ﬁ{@’\?@,ﬂthat \d‘vi i‘} {7y OD = pi + qj +rk

—t = — —_— —
(p 1)1 +(q+2)j +rk=—8i + 27'1 Given that AD = 2BC

i
B

,'Q\ / g
_?‘“‘\y-ﬁ;‘f

(a) Find the values of p, g and r

A s (b) Hence, find the exact lengths of the parallel sides
Ve A\i;f"’ in the trapezium.

A4

0 5 2
(2) 04 = (1) 0B = (2),0_C’= (1) and
2 0 2
-3
0D = ( 0 )
4
(a) Find the vectors:
()AB (i)BC  (iii)DC  (iv)AD
(b) Find (i) [4B| (i) |BC| (iii) |DC| (iv) |AD|

(c) Hence, explain why ABCD is a parallelogram.
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(74) Vectors iIn Mechanics [

WURKING AT D/E
,u:ia_d)‘

(‘I‘)i;f’\?v‘&ibrces acton a partlclenf"m“&éé’@kg ‘\W{\

\. i \
F; —‘(51 2j+k)N and F, = (21"{] +4k)N 5%
;

@) ﬁxplam why the resultant force R;ks such that /

. %(71 3j +5K)N Q«V““\(V@ ‘f,
(b) the magnitude of R

5 (%‘“@; Ay

(c) Usllng}’l\lewtons 2" Law, emlaiﬁ Why the particle

will acceleratéat-1.14ms=2 correct to 35F

(d) A 3" force now acts on the particle.
F3 = (=71 +3j-5k)N

Explain why the particle would be in equilibrium if
all 3 forces acting on it.

‘*f;

A/zmé

WORKING AT B/C

(1) A particle of mass 4kg is acted upon by 3 forces:

-1 10 3

12 1 3
(a) Find the acceleration a of the particle in the form
pi+ qj +rk
(b) Hence find |a|

(c) The particle is initially at rest. Find the distance
covered by the particle in the first 5 seconds after
the forces have acted upon it.

(d) Find the angle the acceleration makes with the
vector i.

WORKING AT A*/A

(1) Cyril and Doris are trying to keep a ping pong
ball in the air using two hairdryers. The ping pong
ball has mass 20g. The two hairdryers produce
forces of H; = (pi-5j+rk)N and H, =

(2i +qj +(r-1)k)N where p, q and r are constants.
The hairdryers are applied simultaneously to keep
the ping pong ball in the air.

As soon as the hairdryers are turned on the ping
pong ball travels directly upwards from a fixed
starting point with acceleration 6k ms ™2

Find the values of p, g and r.
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