A LEVEL MATHEMATICS ANSWERS AND MARKSCHEMES

VECTORS


1.
a)
27i – 10j + 25k = 3i + 2j + k + ((4i – 2j + 4k)



Equating coefficients


M1

[image: image103.wmf]


i :
27 = 3 + 4(
( ( = 6




j :
-10 = 2  2( ( ( = 6
A2 (any 2)





k :
25 = 1 + 4( ( ( = 6



So lines intersect, since all values of ( are equal.
B1












[4]
[image: image104.wmf]

b)
QR = 6i – 10j




B1 (or for RQ)



Equation of M: r = -4i + 7j + 8k + ((6i – 10j)
B1 (or any equivalent form)












[2]


c)
3i + 2j + k + ((4i 2j + 4k) = -4i + 7j + 8k + ((6i – 10j)
M1 (equating)




i :
3 + 4( = -4 + 6(

(





j :
2  2( = 7  10(

(

A2 (all) (1 for one)




k :
1 + 4( = 8



(


( ( ( = 
[image: image1.wmf]4

7








M1 (solving)



Substitute into ( : 10 = -4 + 6( ( ( = 
[image: image2.wmf]3

7


A1 (values of ( and ()



Substitute both into (








left hand side =

2  2( = 2  
[image: image3.wmf]2

7

 = -1
[image: image4.wmf]2

1


M1 (subst.into other eqn)




right hand side =
7 – 10( = -13
[image: image5.wmf]3

1


A1 (correct result)



Since these are unequal, no solution
A1 f.t.













[8]

2.
a)
Scalar product of direction vectors
M1



(i + 2j – k) . (di + j – 2k)
= d + 2 + 2
A1











= 0
B1










d
= -4
A1













[4]


b)
-4j + 3k + ((i + 2j – k) = -2i – 8j + 5k + ((-4i + j – 2k)
M1




i :
( = -2 4(


(







j :
-4 + 2( = -8 + (
(

A2




k : 3  ( = 5 – 2(

(


( + ( :
3 = 3  6(



M1 (solving)






( = 0





A1





( ( = -2





A1



Sub into ( :
-4 – 4 = -8




( OP = -2j – 8j + 5k



B1













[7]


c)
(OP(
=
[image: image6.wmf]2

2

2

5

8

2

+

+


=
[image: image7.wmf]93


M1 A1



Area = 93






A1













[3]


3.
a)
Use BA and BC
 




B1



(or AB and CB)



BA = (3i – j + 3k)




M1



BC = (5i – 2j +k)




A1 (both)



a . b = (a((b( cos(



M1



15 + 2 + 3 = 
[image: image8.wmf]q
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2


A1 A1



20 = 
[image: image9.wmf]30

19

cos(


cos( = 
[image: image10.wmf]30

19

20






A1













[7]


b)
Using area of triangle =

[image: image11.wmf]2

1

ab sin C
M1










=

[image: image12.wmf]2

1

(BA((BC( sin(









=
6.52
A1













[2]

4.
a)
Scalar product of direction vectors
M1



(2j + 3k) . (5i + 12j – 8k) = 24 – 24 = 0
A1



( perpendicular
















[2]


b)
-i + 5k +((2j +3k) = 4i + 6j –12k + t(5i +12j – 8k)
M1




i :
-1 = 4 + 5t


(



j :
2( = 6 + 12t


(

A2




k :
5 + 3( = -12 –8t
(




( ( t = -1






M1 (solving) A1



Sub into ( :

( = -3



A1



Check in ( :
5 + 3( = 5 – 9 = -4 








–12 – 8t = -12 + 8 = -4




So point of intersection is : (-1, -6, -4)
B1













[7]

c)
-i + 10j + 20k = -i + 5k + ((2j + 3k)
M1




i :
-1 = -1




j :
10 = 2( ( ( = 5


A1




k :
20 = 5 + 3( ( ( = 5



( lies on L, since equations consistent
A1













[3]


d)






QP = PR so QR = 2QP


M1



QP  = (-16j – 24k) ( QR = (-32j – 48k)
A1



so R is (-1, -22, -28)



A1













[3]

5.
a)
(7  2(, 6 + (, 3 + 3()


B1













[1]


b)
PQ = OQ  OP





M1


= (4  2()i + ((  5)j + (3(  5)k
A1


















[2]



c)
Scalar product of PQ and direction vector = 0
B1



((4  2()i + ((  5)j + (3(  5)k) . (-2i + j +3k)
M1



( 0 = -2(4  2() + (  5 + 3(3(  5)
A1




0 = 4(  8 + (  5 + 9(  15




28 = 14(



2 = (







A1













[4]



d)
PQ = -3j + k






B1



(PQ( =

[image: image13.wmf]2

2

1

3

+





M1 (finding |PQ|





= 
[image: image14.wmf]10







A1 f.t.













[3]

6.




a)
PR= 2PT and QS = 2QT


M1 (or equivalent)



PT = 3i – 8j +5k




A1



QT = -i – 3j + 2k


OR = OP + 2PJ = 9i – 20j + 11k
A1



OS = OQ + 2QT = 5i –15j +8k
A1













[4]



b)
Use SP and QP (or PS and PQ)
M1



SP = -2i + 11j  7k



A1



QP = -4i + 5j  3k




A1



a.b = (a((b(cos(




M1



(-2i + 11j –7k) . (-4i + 5j  3k) = 
[image: image15.wmf]q

+

+

+

+

cos

3

5

4

7
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2

2

2

2

2

2

2


A1



8 + 55 + 21 = 
[image: image16.wmf]50

174

 cos(



[image: image17.wmf]50

174

84

 = cos(




A1



26( = (







A1













[7]

c)



Area
= h(PS(





M1




h
= (PQ( sin(



B1



Area
= (PQ((PS( sin(




= 
[image: image18.wmf]÷

÷
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= 41 (2 S.F.)




A1













[3]

7.
a)
(10,1,0)







B1













[1]

b)
v = mi + (-2m + 3n)j + nk



AB = 12i + 6j – 18k



B1



v . AB
= 12m + 6(-2m + 3n) – 18n
M1 A1






= 12m – 12m + 18n – 18n = 0
A1



( perpendicular


















[4]


c)
i – 8j – 2k = (( i – 2j) + ((3j + k)



equating:







M1




i: 1 = (



(



j: -8 = -2( + 3(

(


A1



k: -2 = (



(


sub ( and ( into (:



M1 (checking)



-2( + 3( = -2 – 6 = -8



( can be expressed in this form, with ( = 1, ( = -2
A1












[4]

d)
r = 10i +j + ((i – 8j – 2k)

B1 f.t. (10i + j) B1













[2]


8.
a)
Diagonal AC: 
    AC
= 4i – 4j + 8k
B1



Equation : 


r 
= 3i + 5j + 8k + ((4i – 4j + 8k)
B1



Diagonal BD:   
   BD
= -50i – 14j + 18k
B1



Equation 
:


r
= 30i +10j + 3k + ((-50i – 14j + 18k)
B1












[4]


b)
Scalar product of direction vectors
M1



(-50i – 14j +18k).(4i – 4j +8k) = 
[image: image19.wmf]q

+

+

+

+

cos

8

4

4
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14
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2

2


A1



-200 + 56 + 144 = 
[image: image20.wmf]q

+

+

+

+

cos

8

4

4

18

14

50

2

2

2

2

2

2




0 = cos(
 = 90[image: image21.wmf]0









A1











[3]



c)
AB = 27i + 5j – 5k




B1


DC = 27i + 5j – 5k




B1



( parallel






B1













[3]


d)
Diagonals perpendicular  kite
B1



Also, AB and DC parallel  rhombus
B1













[2]

9.
a)
ai + bj + ck = -4i + 3j + 7k + t(7i + 8j –k)
M1




i:
a = -4 + 7t
(









j:
b = 3 + 8t
(



A1





k:
c = 7 – t

(


(  t = 
[image: image22.wmf]7

4

a

+











(  t = 
[image: image23.wmf]8

3

b

-







M1 (eliminating t)
A1



(  t = 7 – c









so 
[image: image24.wmf]7

4

a

+

 = 
[image: image25.wmf]8

3

b

-

 = 7 – c


M1 (equating)



( 56: 8(a+4) = 7(b3) = 56(7 – c)
A1













[6]

b)
a = 3, so 8 ( 7 = 7(b – 3) = 56(7 – c)
M1




b = 11







A1




c = 6







A1













[3]


c)
OR 
= -4i + 3j + 7k + t(7i + 8j –k)


QR 
= OR – QR




M1




= (-7 + 7t)i + (-8 + 8t)j + (1t)k
A1


(QR(= 
[image: image26.wmf]114

3

 = 
[image: image27.wmf]2

2
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t

1

(

)

t

8
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)

t

7

7
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+

+

-

+

+

-


M1


1026 
= 49 – 98t + 49t2 + 64 – 128t + 64t2 + 1 –2t + t2
M1 (multiplying out)


1026 
= 114t2 – 228t + 114

A1


0
= 114t2 – 228t  912


0
= t2 – 2t – 8


0
= (t – 4)(t + 2)




M1 (solving)



t
= 4, -2






A1 A1



coordinates of R are (24, 35, 3) or (-18, -13, 9)
B1 B1













[10]

10.

a)
r = t(-2i + 2j + k)



B1













[1]



b)
PA
= OA  OP




M1





= t(-2i + 2j + k) – (-6i + 7j + 8k)





= (-2t + 6)i + (2t – 7)j + (t – 8)k
A1




(PA(
= 7




( 49
= (-2t + 6)2 + (2t  7)2 +(t – 8)2
M1





49
= 4t2 – 24t + 36 + 4t2 – 28t + 49 + t2 – 16t + 64
A1 A1





0 = 9t2 – 68t + 100



M1 (solving)





t = 5
[image: image28.wmf]9

5

 or 2




A1 A1



so points are A(-4, 4, 2) and B(-11
[image: image29.wmf]9

1

, 11
[image: image30.wmf]9

1

, 5
[image: image31.wmf]9

5

)
B1 B1
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c)
PA = (2i – 3j – 6k)




B1



PB = -5
[image: image32.wmf]9

1

i + 4
[image: image33.wmf]9

1

j  2
[image: image34.wmf]9

4

k


B1



PA . PB = (PA(.(PB( cos(

M1



-10
[image: image35.wmf]9

2

 ( 12
[image: image36.wmf]3

1

 + 14
[image: image37.wmf]3

2


= 7 ( 7 cos(
A1








-7
[image: image38.wmf]9

8


= 49 cos(







-
[image: image39.wmf]441

71


= cos(
A1













[5]


d)
Area of triangle 
= 
[image: image40.wmf]2

1

ab sin C
M1









= 
[image: image41.wmf]2

1

 ( 7 ( 7 ( sin(










= 24.18

A1 f.t.













[2]

11.
a)
PQ

=
-3i + 4j + 2k



B1




(PQ(
=

[image: image42.wmf]2

2

2

2
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)

3

(

+

+

-

= (29
M1 A1



(OP(
=

[image: image43.wmf]2

2

2

)

2

(

4

3

-

+

+


= (29
A1













[4]



b)
i)
Use PO and PQ


(or OQ and QP)
M1




PO . PQ
=
(PO((PQ( cos(
M1




(-3i – 4j + 2k) . (-3i + 4j + 2k)
= 29 cos(











9 – 16 + 4
= 29 cos(












[image: image44.wmf]29

3

-


= cos(
A1














[3]



ii)
Area
= 
[image: image45.wmf]2

1

ab sin C




M1






= 
[image: image46.wmf]2

1

 ( 
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= 
[image: image48.wmf]÷
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M1






= 
[image: image49.wmf]29

832

2

29






A1






= 
[image: image50.wmf]2

208

2






M1






= 4(13





A1














[5]



c)





Area = 
[image: image51.wmf]2

d

OQ

´







M1 A1



so 4(13 = 
[image: image52.wmf]2

d

8








A1



so d = (13




           

A1 f.t.














[4]

12.a)
PQ = -10i – 2j – 6k




B1 (or QP)



Equation is r = 6i + 5j + 14k +((-10i – 2j – 6k)
B1














[2]


b)
Need to show midpoint of PQ lies on L
M1



Midpoint of PQ is (1, 14, 11)

B1




i + 14j + 11k
=
3i + 4j + 5k + t(-i + 5j + 3k)
M1





i : 1 = 3 – t 

( t = 2





j : 14 = 4 + 5t 
( t = 2

A1





k : 11 = 5 + 3t
( t = 2



As all t-values are equal, point lies on line.
B1














[5]


c)
Scalar product of direction vectors

M1



(-i + 5j + 3k) . (-10i – 2j – 6k) = 
[image: image53.wmf]q

+

+

+

+

cos

6
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1
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2

2


A1 A1





10 – 10 – 18

= 
[image: image54.wmf]q

cos

140

35









-18
=
70 cos(








[image: image55.wmf]35

9

-

=
cos(

A1



Acute angle ( cos( = 
[image: image56.wmf]35

9




B1














[5]

13.
a)
Need to show they do not intersect:



equating: i – 8k + t(-6i – j + 2k) = 3i + 7j + 5k + ( (2i – j)
M1





i: 1  6t = 3 + 2(
(




j: -t = 7  (


(


A1





k:
-8 + 2t = 5

(


(  t = 6
[image: image57.wmf]2

1









B1



Substitute into (: l – 39 = 3 + 2(


M1 (or into ()



(
-20[image: image58.wmf]2

1

 = (






A1



Substitute both values into (:

M1



Left-hand side
= -6[image: image59.wmf]2

1

  



not equal, so



Right-hand side
= 27[image: image60.wmf]2

1





skew lines
A1














[7]


b)
Scalar product of direction vectors

M1




(-6i – j + 2k) . (2i – j) 
= 
[image: image61.wmf]2

2

2

2

2

1

2

2

1

6

+

+

+

cos(
A1 A1








  -12 + 1
= [image: image62.wmf]41

 [image: image63.wmf]5

 cos(






    [image: image64.wmf]41

5

11

-


= cos(








  140o 
= (

A1



acute angle  180  140o = 40o

B1














[5]



c)
AB parallel to -6i – j + 2k


M1



AB = 12i + (p – 2)j + (q + 1)k

B1



so AB = -2 (-6i – j + 2k)



B1



AB = 12i + 2j – 4k  p = 4, q = -5

A1 A1














[5]

14.
a)
2i + 2j – 3k and ai + bj + 6k parallel
M1



so
ai + bj + 6k = -2 (2i + 2j – 3k)




a = -4, b = -4





A1 A1














[3]


b)
i)
6i – 7j + k + ((2i + 2j –3k) = i  j + k + ((ai + bj + 6k)
M1





i: 6 + 2( = 1 + a(

(




j: -7 + 2( = -1 + b(
(

A2





k:
1  3( = 1 + 6(

(



Need to eliminate ( and (.





(  ( = -2(




B1




Substitute in (: 6 – 4( = 1 + a(
M1





5 = ((a + 4)

 ( = [image: image65.wmf]4

a

5

+


A1




Substitute into (:





-7 – 4( = -1 + b(




-6 = ((b + 4)

 ( = [image: image66.wmf]4

b

6

+

-


A1




So

[image: image67.wmf]4

a

5

+


= [image: image68.wmf]4

b

6

+

-





M1





5(b + 4)
= -6(a + 4)





5b + 20
= -6a  24





6a + 5b + 44
= 0



A1














[9]



ii)
(2i + 2j –3k) . (ai + bj +6k) = 0

M1




2a + 2b – 18 = 0




A1




Solving simultaneously:


M1





6a + 5b + 44 = 0










2a + 2b – 18 + 0









a = -89






A1














[4]

15.
a)
((i + 3j – 4k)( = [image: image69.wmf]26

4

3

1

2

2

2

=

+

+


M1 A1



u = 
[image: image70.wmf]26

1

 (i + 3j – 4k)




A1














[3]


b)
v . u = 0








M1



(
[image: image71.wmf]2

1

i + pj + qk) . [image: image72.wmf]26

1

(i + 3j – 4k) = 0




[image: image73.wmf]26

1

(
[image: image74.wmf]2

1

 + 3p – 4q) = 0



( 6p – 8q + 1 = 0



(

A1



(v( = 1 

so

(
[image: image75.wmf]2

1

)2 + p2 + q2 = 1
M1



4p2 + 4q2 = 3




(

A1



( ( p =
[image: image76.wmf](

)

6

1

q

8

-







M1



so
 
[image: image77.wmf]3
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M1



( [image: image78.wmf](

)

3

4q

64q

16q

1

36

4
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=

+
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-



A1



(
1 – 16q + 64q2 + 36q2 = 27




100q2 – 16q – 26 = 0



A1














[8]

16.
a)
Let w = ai + bj + ck


w a unit vector ( a2 + b2 + c2 = 1

(
B1



u . w = 0 and v . w = 0




M1



a + b + c = 0







(
A1



a – c = 0








(
A1



Subsitute ( into (:





M1




a + b + a = 0, so b = -2a



A1



so

c = a; b = -2a



Substitute into (:




a2 + 4a2 + a2 = 1





M1




a2 = [image: image79.wmf]6

1



a = [image: image80.wmf]6

1

±





A1 [image: image81.wmf]6

1

  A1[image: image82.wmf](

)

±




so w = [image: image83.wmf]6

1

±

(i – 2j + k)




A1 f.t
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17.
a)
Require OP . OA = 0











M1



OP = (8  2()i + (6 + ()j + (2  5()k

B1


OP . OA
=
4(8  2() – 1(6 + () + 1(2  5() = 0
A1



32  8(  6  ( + 2  5(
= 0







    28  14(
= 0

· = [image: image84.wmf]14

28


· = 2


A1



OP = 4i + 8j – 8k






B1















[5]

18.a)
Require AB and BC parallel



M1 (or any 2 suitable
















       vectors)




AB = -7i + j – 12k





B1




BC = 21i – 3j + 36k




B1




BC = -3AB ( parallel



A1















[4]



b)




1 : 2










B1 B1















[2]


c)
D is on the line through A and B, so use equation of straight line
M1




r = 5i + 6j + 8k + ((-7i + j –12k)

A1 (or equivalent)




r = (5  7()i + (6 + ()j + (8 –12()k





D is the point for which ( = a

B1















[3]


d)
Since D is on the line, must have AD = -AB
B1



so OD
=  OA +AD






=
OA  AB






=
12i + 5j +20k



B1



so 12i + 5j + 20k = (5 – 7a)i + (6 + a)j +(8 –12a)k
M1



( a = -1









A1















[4]



e)
OD . AB = (OD((AB( cos(


M1



(12i + 5j + 20k) .  (-7i + j –12k) = 
[image: image85.wmf]q

+

+

+

+

cos
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1

7

20

5

12

2

2

2

2

2

2


A1



-84 + 5 – 240
= 
[image: image86.wmf]q

cos

194

569





[image: image87.wmf]194

569

319

-


= cos(




A1






164(
= (





A1















[4]

19.a)





AC = 
[image: image88.wmf]3

1

AB








M1



AB 
= -6i + 18j – 3k





B1



AC 
=  -2i + 6j – k



OC 
= OA + AC






M1





= 2i  j + 2k
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