Equations of Tangents and Normals

1)
y = X°+2x*-4x+6
Yo ae+ax-4
dx
@ When x=-3 y = (-3)*+2(-3)?-4(-3)+6
y = 9
_ dy _
(b) When x=-3 = 3(-3)2+4(-3) -4
ﬂ = 11
dx
(c) Equation of tangent at P (-3, 9) isgiven by
y-y: = mXx-Xx)
y-9 = 11(x-(-3))
y = 11x+42
(d) —=The gradient of the tangent at P(-3,9) = 11
—=The gradient of thenormal at P (-3, 9) = —1—11 using
mm, = -1
—=Equation of normal at P (-3, 9) is
_ 1
y-9 = ‘E(X‘(_3))
x11 11ly-99 = -x-3
= X+1ly = 96
2)
(@ y = X*-x+8
& x*-1
dx
(b) When x=-2 y = (-2*-(-2)+8
y = 2
©  When x=-2 % = 3(-2)-1
ﬂ = 11



(d) Equation of thetangent at P (-2, 2) isgiven by

y=y: = mX-Xy)
y-2 = 1i(x-(-2))
y = 1Ix+24
(e Find the other point on the curve where
ﬂ = 11
dx
= -1 = 11
x> = 4

X=-2 or X=2
= The other point, Q, on the curve at which the tangent is
parallel to
thetangent at P (-2, 2) has

x co-ordinate = 2
= y = (9°-2+8
= 14
= Q hasco-ordinates (2, 14)

) Gradient of tangentat Q (2,14) = 11
—=Gradient of normal at Q (2,14) =

e using mm, =-1
11
= Equation of the normal at Q (2, 14) is
1
Yy 14 = E(X 2)
x11 1ly-154 = -x+2
= Xx+1ly = 156
3)
€)] To find the points of intersection, solve the following equations
simultaneously
y = 6x-5 -{1}
y = x° {2}
= X* = 6x-5
= x?’—ex+5 = 0
x-1)(x-5 = 0
= Xx-1=0 or x-5=0
x=1 or x=5
y=6(1) -5 y=6(5) -5
y=1 y=25

= The points of intersection are P (1, 1) and Q (5, 25)



(b)

(©)

y = x°
&

= X
dx
: _.0dy _
At the point P when x = 1& = 202 = 2
Equation of thetangent at P (1, 1) isgiven by
y-y: = mXx-Xx)
y-1 = 2(x-1)
= y = 2x-1
. dy _ -
At the point Q, whenx =5 o 2(5) = 10
Equation of thetangent at Q (5, 25)
y—-25 = 10(x-5)
y = 10x-25

For point of intersection of the tangents, solve the following

equations simultaneously

4)
(@

(b)

y = 2x-1 -{1}
y = 10x-25 -{2}
{2} —{1} 8-24 = 0
= Xx = 3
= y = 23 -1
= 5

Co-ordinates of the point of intersection of the tangents are (3, 5)

y = X*-=-3x*-12x-4
L 3x?—=6x—-12
dx

When the gradient of the curve C=-3
dy

= -3
dx

= Xx?*-6x—-12 = -3
= Xx*-6x-9 = 0
+3 x?=-2x-3 = 0

x+)x-3) = 0
= Xx+1=0 or x-3=0

x=-1 or x=3

When x=-1 y (-1)3*-3(-1)2>-12(-1) -4

SN



When x=3 y (3)°-3(3)°-12(3) -4
-40
= The co-ordinates of the points on the curve C are (-1,4) and

(3,-40)

Equation of the tangent at the point (-1, 4) is given by

y-y: = mXx-x)
y-4 = -3(x~(-1))
y = =3&+1
Equation of the tangent at the point (3, —40) is
y-(-40) = -3(x-3)
y = -3-31
5) (@) y = X?—-4x+8
Y- -4
dx
When x=1, dy = 2(1)-4
dx
-2

= Gradient of the curve -2 at the point where x=1

(b) Gradient of normal = _—; using mm, =-1
- 1
2
Whenx =1, y = (D*-41)+8
= 5

Equation of the normal at the point (1, 5) isgiven by
y=y: = mX-Xy)

1
y-5 = 2(x 1)
X2 2y-10 = x-1
2y = x+9
(c) To find the other point where the normal intersects with the curve,
solve the following equations simultaneously
2y = x+9 -{1}
y = xX*-4x+8 {2}

From {1} substitute y:(x_;9) in{2}

(x+9)
2
x2 X+9

= X-4x+8

2x*> -8x +16



6) (a)

(b)

2X°-9x+7 =
(2x=7)(x-1)
2X-7=0 ,

Uil
]
X X OO
1
o

N

7
X=— )
2

Z+9

2
_>
4
—=Co-ordinates of the other point where the normal intersects

with the curve are (3% , 6%)

<
1|
ol

= y=

For points of intersection solve the equations simultaneously

y = 2x+1 -{1}
y = 3X*+7x-1 -{2}
= X*+7x-1 = 2x+1
X?*+5x-2 = 0
= Bx-1)(x+2 = 0
= 3X-1=0 or x+2=0
le or =-2
3
2
When le, y :3(% +7(Ej -1
3 3 3
= 12
3
. 1.2
Co-ordinates of B are (— ,1—)
3 3
When x = -2 y = 3(-2?*+7(-2)-1
= =3
Co-ordinates of Aare (-2, —3)
L Bx+7
dx
When x = -2, Y - -2 +7
dx
= =12+7
= -5

Equation of the tangent at A(-2, —3) is given by
y-y: = mX-Xy)
y=(=3) = -5(x-(-2)
y+3 = -5x-10 y =-5x-13



(©)

7 (a)

(b)

(©)

(d)

(€)

(f)

When X:E, dy
3 dx

= Gradient of normal

wlpk

{5

1 .
™9 usng mm, =-1

Equation of normal at the point B(%l%j

x27

When x = -1, y

When x = -1 dy

3
—_—— X__
9 3
-3x+1
46
3x2-1

(-1)°-(-1)+6
6

3(-1)2-1

2

Equation of the tangent at P(-1, 6) is given by

y-y. = mX-x,)
y-6 = 2(x-(-1))
= y = 2x+8
Yo -1 = 2
dx
Xx?* = 3
x==-1 or x=1
= X co-ordinateof Q=1
Whenx =1 y = (D*-()+6
= 6
= Co-ordinates of Q are (1, 6)

Gradient of normal at Q(1, 6)
Equation of normal at Q(1, 6)

y—-6
= 2y

_1
=73 using mm, = -1

~5(x-)

-X+ 13



8) (@ Whenx=-1 y = (-1)°-3(-1)2-4(-1) + 12
y = 12
(b) Yoo axe-ex-4
dx
_ dy _
When x = -1, il 3(-1)2-6(-1) -4
X

5
=Gradient of the curve at P 5

(© Equation of the tangent to the curve at the P (-1, 12) isgiven by

y=y: = mX-Xy)
y-12 = 5(x~(-1))
y = 5Sx+17
(d) Gradient of the normal to the curve at the point
P(-1,12) = —% using mm, =-1
Equation of the normal at the point P(-1, 12)
1
y-12 = —=(x~(-1)
x5 5y-60 = -x-1
5 = —-x+59

(€)

Tangent cuts x axiswheny =0
= 5x+17 = 0

X = -3=

= Co-ordinates of A are (—3% , Oj



Normal cuts x axiswheny =0

= -Xx+59 = 0
= X = 59
AB = 59—(—?3)
5
= 622
5
Height of triangle ABP = PC
= 12
Areaof triangle ABP = %x ABxPC
= 1><62E x12
2 5
Areaof triangle ABP = 374% sg units
9) (@) Solvethe equations simultaneously
y = 4
y = X*—4x+7
= X?=4x+7 = 4
X?=4x+3 = 0
= (x=21)(x-3) 0
= x-1=0 or x-3=0

x=1 or x=3
= Co-ordinates of the points of intersection are (1, 4) and (3, 4)

b L
dx
When x = 1 Y - 1)-4
dx
= =2

= Gradient of the normal at the point (1, 4) = % using

mm, =-1
Equation of the normal at the point (1, 4) is given by

y-y: = mX-Xy)

1
-4 = Z(x-1
y >(x-1)
X2 2y-8 = x-1
= 2y = Xx+7
When x =3 Y - 23)-4
dx

= 2



mm, =

(©)

10) (a)

(b)

(©)

= Gradient of the normal at the point (3,4)=-= using

N

-1

Equation of the normal at the point (3, 4) is
1

-=(x-3
~(x-3)

X+ 3

X+ 11

y—-4
x2 2y—-8
2y

For point of intersection of the normal, solve the equations
simultaneously

2y = x+7 -{1}
2y = —x+11 -{2}
{1} +H{2} 4y = 18
1
= 4—
y 2
= X = 2

= Point of intersection of normalsis (2, 4%)

Yoo goxx
dx

If the tangent isparallel totheline y=2x+5
dx

= 8-2x = 2

= X = 3

= y = 8@3)-(3)2-12

= 3

Co-ordinates of P, the point of contact (3, 3)

Equation of the tangent at the point (3, 3) is given by

y-y: = mX-Xy)
y-3 = 2(x-3)
= y = 2x-3

Gradient of normal at (3, 3)
Equation of normal at P(3, 3) is

1
~3 using mm, = -1

1

y_3 = _E(X_3)
x2 2y-6 = -x+3
2y = —Xx+9



(d)

For tangent to cut x axis y=0

= 2x-3 0
— X = 11
2
Co-ordinates of A (1% : Oj
For normal to cut x axis, y=0
= -xX+9 = 0
= 9
Co-ordinates of B(9, 0)
N AB = 9-1% = 71
2 2
Height of triangle, PC = 3
Areaof triangle APB = %x ABxPC
= 1 X E X 3
2

Areaof triangle APB = 11% sguare units



